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Chapter 1

Finite Difference Schemes for
the Boltzmann Equation

1.1 Introduction

In the intermediate report {1], Centered Space (CS) finite difference schemes
were developed to solve the Lattice Boltzmann (LB) evolution equations for
the distribution functions f;(r,t) of an one component fluid system, when
the number of non - vanishing discrete velocities was N = 6 (the so - called
seven bit model) or N = 8 (the so - called nine bit model):

filr,t+6t) =~ fi(r,t)—-%[ fiet) = £9(,0)] -

ot e; " V,-fi(l’.',t) -+ F(l‘,t) ‘ [ei - u(r,t)] fieq(r’ t)

5t
ksT
i=0,1,...N (1.1)

In the above equation, as well as in the whole report to follow, there is no im-
plicit summation over the index 7. We will use further the implicit summation
rule (i.e., summation over repeated indices) only for cartesian components
denoted by Greek letters a, 3, v ..., while summation over other indices
(including %) will be always explicited, when such operations are present.
The validity of the CS finite difference schemes was successfully tested for
two kinds of 2D flows between parallel plates: Poisseuille flow and Couette
flow. The correct velocity profiles in the stationary regime (the parabolic




one, for Poisseuille flow, and the linear one, for Couette flow), as well as the
right viscosity value were recovered for N = 6, as well as for N = 8 [1].

Our early attempts to use the CS scheme to simulate the diffusion phe-
nomenon in a two component system revealed an unstable behavior. When
this scheme is used to get the time dependent solutions of the lattice Boltz-
mann equations (1.1), the probability functions f;(x,t) become negative very
often, forcing the simulation code to be stopped. Although centered finite
difference schemes for spatial derivatives arise in a natural way and thus,
are easy to introduce, these schemes are known to be unconditionally unsta-
ble in accordance to the von Neumann stability analysis {2, 3, 4] applied to
hyperbolic equations like the Lattice Boltzmann equations (1.1).

This chapter reports our attempts to find appropriate finite difference
schemes for the Lattice Boltzmann equations. These schemes are introduced
for the nine bit model using the characteristics curves of hyperbolic equations
in one space dimension [4] and we show that all these schemes are equivalent
to the former Lattice Gas Lattice Boltzmann (LGLB) scheme [1] when the
Courant - Friedrichs - Lewy number CFL (to be defined further) equals unity.
All these schemes are based on Lagrange interpolation procedures. Some
considerations relative to the treatment of boundary lattice nodes are also
introduced here.

1.2 Spatial derivatives on a square lattice

To solve Eqs (1.1) on a square lattice, we need a procedure to compute the
following term at the point r = (z,y)

ei'Vrfi(r’t) = (ei)aaafi(r,t) (1'2)

= (ei)zazfi(:payat) + (ei)yayfi(xy y’t)

(implicit summation over cartesian components expressed by Greek indices
is always understood).
A possibility is to use the Centered Space (CS) finite difference scheme

Az + 0z,y,t) — fi(z — 6x,y,1
O fi(z,y,t) ~ fi( Y )%xf(x z,y,1t)

where 6z is the lattice spacing in the z direction. A similar expression holds
also for the derivative in the y direction (,); the lattice spacings are all

(1.3)

2




equal (6x = &y) in the case of the square lattice. As mentioned before,
this centered finite difference scheme was found to be inadequate for the
simulation of diffusion phenomena in a two component system.

Another possibility is to use the First Order Upwind (FU) finite differ-
ence scheme [3]. This scheme takes into account the fact that information
propagates along the vector e; and thus, one should consider also the sign of
its components when writing the corresponding numerical scheme. For the
z component, we have

fi(x, yat) - fi(w - Ja:)y’t)

) (e,)z >0

oz

i 3 at = Jil\d, ,t

fi(z + bz,y,1) — fil(z,y,1) L (). <0

0z

A Second Order Upwind (SU) finite difference scheme may be also intro-
duced [3]
( _3fi($:y’t) + 4fz(x + 59::y,t) - fz(x + 251:’ yat)
20z
(ei)x >0

aa:fi(xa%t) =~ 9
3fi(x7y7t) - 4f2(x '_ 5z7y7t) + fz(m - 2529 y’t)
20z

_ (1.5)

Although the FU scheme was found to be stable, it has the disadvantage

of a lattice spacing dependence of the viscosity. This is a general feature of

first order schemes (see Section 1.10). In the case of second order schemes

(like CS and SU), no lattice spacing dependence of the viscosity is observed,

but these schemes are not stable when dealing with sharp interfaces (see

next chapter, where the use of these schemes to simulate a diffusion couple

is discussed). Other schemes, which are mainly based on the characteristics
curve and use an interpolation procedure, are described below.




1.3 Characteristics

We start from the differential form of the LB equations (1.1)

atfi(r,t) + € 'vrfi(ra t) = qi(ra t)

i=01..N (1.6)
where the source term is
1
G(r,t) = ——[fir,t) - [ (r,9)] +

Tp

1 o eq
kBT F(l',t) [ez 11(1‘, t)] fi (l', t)
i=0,1,...N (1.7

The homogeneous part of Egs. (1.6)

D
'D—tfi(l‘,t) = O, fi(r,t) + ;- Vi fi(r,t) = 0 (1.8)
has the solution
fi(r,t) = fi(ro,t0) = constant (1.9)
since the vectors e; are all constant. Consequently, foreach: = 0,1, ... N,

the current point moves across a straight line (the characteristics line) which
passes through the node r of the lattice at the moment ¢ and has the orien-
tation of the vector e;. The formal solution of the inhomogeneous evolution
equations (1.6) may be written as

1 pt+ét
filr,t+8t) = filr — eidt, t) — '—/ [file(®@), ) — f(x(@),?)] dt’
Tp Jt
1 t+ 6t
kBT ot

+ F(r(t),t)- [e; — u(x(t),t)] £*(x(t), 1)

i=01..N (1.10)

where the integrals are calculated along the characteristics lines. At the
initial moment ¢ = t, the current point is r(t’) = r — e;6¢ and thus, the




Figure 1.1: Velocity set in the nine bit (N = 8) LB model.

integrals in the equation above may be approximated using the rectangle
formula to get

f,—(r,t+6t) >~ f.i(l‘ - eiét,t) - —f_i [f,-(r—eidt,t) - f"(r—eiét,t)}
p

ot

Ry

F(r — e;0t,t)-[e; — u(r — e;0t,t)] f'(xr — e:dt,t)

i=01,...N (1.11)

This equation provides the key for the characteristics — based finite difference
schemes to be developed further. Eqgs. (1.11) are the expression of the well
known Lagrange representation in classical fluid mechanics, where the evo-
lution of a particle on its trajectory is described by the total time derivative.

When using the nine bit LGLB scheme on a square lattice, the character-
istics lines always pass through the lattice nodes at any time step. These lines
are associated to each velocity speed e; in Figure 1.1. For further discussion,
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j1 J j+l
Figure 1.2: Lattice points aloné the characteristics line.

we will refer to one of these characteristics lines (which corresponds to any
of the eight velocities e; in Figure 1.1). We may choose a one dimensional
reference system whose positive direction is orientated along the speed e; and
we represent the current points situated along this line as in figure 1.2. In
this figure, the current point at the moment ¢ is denoted by j, the next point
on the characteristics line (which becomes the current point at the moment
t + 6t) is denoted j + 1, while the preceding one is denoted j — 1. We
should remark the fact that the point j (which is the current point on the
characterisctics line at the moment t) always refers to a lattice node, but the
points 5 — 1 and j + 1 are superposed to lattice nodes only when using the
LGLB scheme, as seen in figure 1.3. This figure shows the current point on
the characteristics line, at different time steps, in the X — ¢ plane, when the
LGLB scheme is used.

When 4z is the spacing between the latice nodess on the reference axis X
of the characteristics line (note that 6z may be equal to ! or to 1/2, where

A
t+ ot |

t
t- ot -

j j+1

Figure 1.3: Current points (o) on the characteristics line, in the LGLB model.




Figure 1.4: Current points (o) on the characteristics line, in the Finite Dif-

ference LB model (CFL < 1).

! is the side length of the elementary square lattice cell) we have
or = Tj — Tj-1 = Tjy1 — Tj (1.12)

In the LGLB model, where particles are considered to propagate between
lattice nodes during one time step, we have

dx = cbt (1.13)

where ¢ is the magnitude of the propagation speed c(c € {e}, 1 =
..N) and 64t is the time step.

When the lattice spacing 6z does no more equal the product cdt, the

current nodes j — 1 and j + 1 on the characteristics line passing through

the lattice node z; (i.e., node j) are no more superposed to lattice nodes.

These current points lie now between the lattice node and the neighbors
Tj_1 OT Tji1, respectively. This general case is shown in figure 1.4 and is
characterized by the Courant - Friedrichs - Lewy number

cot _
CFL= — (1.14)

When CFL = 1, the former LGLB case is recovered. In accordance to the
general theory of hyperbolic equations [2, 3, 4], a necessary (but not sufficient)
condition to be satisfied by the finite difference scheme to be stable is

CFL< 1 (1.15)




1.4 Interpolation procedures on the charac-
teristics line

The Lattice Boltzmann equations (1.11) may be solved using an iterative
procedure. The value fi(r — e;0t,t) of the distribution function (as well as
the value u(r — e;0t,t) of the local velocity) may be calculated using an
interpolation procedure along the characteristics line which passes through
the lattice node r at time ¢ + 6. The current point at the moment ¢ is
r — e;0t, which corresponds to the point z in figure 1.5. If we know the
values of the distribution function at at the moment ¢ in two lattice nodes z;
and z,, we may use the first order Lagrange interpolation formula to evaluate
the distribution function in the point z
T — T -2z

f,'(.’)&',t) = ﬁfi(xl’t) + ﬁfi(fvz,t) (1.16)
The second order Lagrange interpolation formula may be used when three
values of the distribution functions are known

(.’17 - .’171)(33 - 1173)
(T2 — 71) (T2 — T3)

filz,t) = (z — 2)(z — 25) filz,t) +

(#1 — 72) (21 — 73)

fi(z27t)

(z — z1)(z — z2) (2
+ (z3 — 71)(z3 — 72) s, ) (17

A

t+ ot J
t 74 _
| x' 1 |

Yoo Y e

Figure 1.5: Current points (o) on the characteristics line.




Following finite difference schemes may be introduced, depending on the
choice of the interpolation formula, as well as on the number and the location
of the interpolation points:

1. Upwind scheme: the first order interpolation formula (1.16) is used
with T = Zj-1 and T2 = Tj.

2. Laz Priedrichs scheme: the first order interpolation formula (1.16) is
used with z; = z;_; and 73 = zj41.

3. Laz Wendroff scheme: the second order interpolation formula (1.17) is
used with z; = z;_1, T2 = z; and 23 = Tj4.

These finite difference schemes, as well as the space centered scheme are
discussed below.

1.5 Upwind scheme

The upwind scheme is recovered when using the first order interpolation
formula (1.16) with '

z = x; — cd
rn = Tj
T3 = T, (1.18)

In this case, the interpolation formula (1.16) gives
fi(xj - C(St,t) = fi(IL‘j,t) — CFL [f,-(xj,t) - f,‘((l,'j_l,t)] (119)

A particular attention should be given to boundary nodes. When the
vector e; is pointing outwards the lattice domain, the interpolation formula
(1.19) may be used. But the interpolation formula should be somewhat
different when th vector e; points into the lattice domain: if z; is a node
located on the boundary, there is no corresponding z;_; node in this case.
The node z;4; may be used instead, and we have the following extrapolation
formula in this case:

filws — et,1) = Filwpt) — CFL [filopnt) — filz;)]  (120)




After interpolating all distribution functions f;, i = 0, 1 ... N in the current
point r — e;0t, the local velocity u(r — e;0t,t) should be evaluated and
introduced in Eq. (1.11) which allows to calculate the new values of the
distribution functions in all lattice nodes.

Since the values of the velocity components are prescribed on the bound-
aries, an interpolation procedure becomes necessary to evaluate also the ve-
locity components at the current point r — e;6t when the node r is located on
the boundary. Interpolation and extrapolation formulae similar to Egs. (1.19)
and (1.20) give the value of the velocity u(z; — cdt,t), which allows the cal-
culation of the equilibrium distribution function f{?(z; — cdt,t) in Eq. (1.11).

A very important feature of the upwind finite difference scheme (1.19) is
the recovery of the former Lattice Gas like Latice Boltzmann (LGLB) model
when CFL = 1. The upwind scheme says that the information (i.e., the dis-
tribution function f;) available at the moment ¢ at the current point z; — ¢t
is processed there as a result of collisions (through the relaxation term mainly
characterized by the physical relaxation time 7,, as well as the action of some
force F), and thereafter arrives in node z; at the moment ¢ + &¢. But, when
CFL = 1, the initial current point z; — cdt is identical to the lattice node
-1, in accordance to Eq. (1.19). This feature belongs also to the Lax -
Friedrichs and the Lax - Wendroff schemes to be discussed below. In this re-
spect, all these characteristics curve derived finite difference schemes provide
a natural generalisation of the former LGLB model and allow to separate
the lattice spacing dz from the particles free path cdt. This separation pro-
cess provides the keystone to the LB simulation of multicomponent particle
systems.

1.6 Lax - Friedrichs scheme

The Lax - Friedrichs scheme [2] is recovered when using the first order inter-
polation formula (1.16) with the following interpolation points

z = x; —cit
Ty = Tj-
T2 = Tj41 (121)

The interpolation formula (1.16) gives, at the moment ¢

fi(zjs1,t) + fi(wj-1,%)
2

fi(x.’i — cdt, t) =

10




— CFL fi(mj+1’t) ; fi(xj—ht) (1'22)

At the boundary nodes, the Lax - Friedrichs scheme cannot be used, but the
upwind scheme may be accepted instead.

1.7 Space centered scheme

If we approximate

fi($j+1’ t) + fi(xj—l’ t)

! ~ i) (1.23)

in the Lax Friedrichs scheme (1.22), we get the usual space centered scheme

flas — ot,8) = filay,t) — L LD Z Wl g g
This scheme is known the be unconditionally unstable [2, 3]. We really get
negative values of the distribution functions when using this scheme, after
a certain number of time steps, and this situation forces the LB code to be
stopped. The number of time steps before the space centered computer code
crashes is dependent on the CFL number, being larger when this number
becomes smaller. Using a smaller Courant - Friedrichs - Lewy number for a
given lattice spacing dz is unconvenient since this means a smaller time step
dt, which generates a huge increase of the number of necessary time steps to
be performed in order to recover the system evolution during a certain time
interval.

1.8 Lax - Wendroff scheme

The second order Lagrange interpolation formula (1.17) and the following
interpolation points

x = x; — cot

T1 = Zj-1

Ty = X

T3 = ZTjy1 (1.25)




give the Lax - Wendroff finite difference scheme

fley - ostt) = SELER) g0

— (CFL — 1) (CFL + 1) fi(z;,¢)

_ CFL(1 — CFL) fzi1,8) (1.26)

2
As for the Lax - Friedrichs scheme, the Lax - Wendroff scheme (1.26)
cannot be applied in the boundary nodes. One possibility is to use there the
upwind schemes (1.19) and (1.20) for outgoing and ingoing speed vectors e;,
respectively. Another possibility is to preserve the second order interpolation
degree and to use the followig expressions

CFL(CFL —1)

f,;(.’l?j —_ C(St, t) = 2 fi(ilij_z,t)
L - CFL)2(2 = CFL) 4o p
fila; — cbt,t) = (1 + CFL) (2 + CFL) fil@it)

2

CFL(1 + CFL)

- 5 fi(Zj42,t) (1.28)

for the outgoing and ingoing speed vectors e;, respectively. Note that, in
these expressions, the node z; is always on the lattice border, while the
positive direction (from node z; to node z;; is the same as the direction of
the speed vector e;.

12




1.9 Interpolation Supplemented Schemes

1.9.1 General Description

One can see that the procedure described by Eq. (1.11) implies the following
computation steps:

1. Lagrange interpolation to find the distribution functions, as well as the
local velocities in the points r — e;dt; these points are not lattice nodes
and are all different forz = 1,2,... N

2. collisions processing and the addition of the effect of external forces
3. propagation from the point r — €;d¢ to the lattice node r

For each lattice node r, one has to perform N x (N + 1) interpolations since
there are N directions e; and N + 1 distribution functions to be interpolated.
The function fo should also be interpolated since its value in the point r — e;5¢
is needed to calculate the value of the local speed u(r — e;dt,t); the local
speed u(r — e;0t,t) is necessary to calculate the equilibrium distribution
function fi(r — e;0t,t).

An equivalent procedure was already proposed in the LB litterature [5,
6, 7, 8]. This Interpolation Supplemented Lattice Boltzmann (ISLB) scheme .
(as named by their authors) has the same steps as described above, but their
order is changed:

1. the collisions and the action of external forces are processed in the
lattice nodes r

2. the propagation step transports the result towards the points r + e;5t

3. the interpolation step recovers the new distribution functions in the
lattice node r at time ¢ + 4t

To avoid confusion with another scheme to be described below, we will
denote this original ISLB scheme as ISLB-CP (ISLB Collision — Propagation)
since the collision step is done before the propagation step. Figure 1.6 re-
calls the main characteristics of this ISLB-CP scheme. In this figure, lattice
nodes are denoted by 0, 1, ...8. Let rg, ry, ...rs the position vectors of these
lattice nodes. After processing the effect of collisions (as well as the effect

13
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Figure 1.6: The ISLB-CP scheme.

of external forces) in the original lattice nodes, particle distribution func-
tions are propagated along their characteristics lines during the time step
5t and arrive in the displaced nodes (', 1/, ...8', whose position vectors are
r), ry, ...r5 (figure 1.6 shows the case when the displacement is made along
the es direction). Thus, for each vector e;, i = 1, 2, ...8, the collision pro-
cedure, followed by the propagation procedure, transforms the initial set of
distribution functions {fi(rs,t)}, n = 0, 1 ... 8 into the set {f;(r;,,t + 6t)},
n = 0,1,...8. A 2D interpolation procedure (to be described further)
allows to recover the value of f;(ro,t + t) [5, 6, 7] and thus, the automaton
algorithm may be applied again for the next time step, and so on.

It is possible to imagine an ISLB scheme where propagation is done first,
followed by collisions processing. This scheme is presented in figure 1.7. If
we start from the Lattice Boltzmann Equations (1.11) we may write

X = r — eot

fi(x’t) = fi(r’t) - Jtei'vrfi(r7t) (129)
and thus

R0 = filot) = 2 [flxt) — [ 0)] +

14




o— 00,

Figure 1.7: The ISLB-PC scheme.

0t

mF(x, t)-[ei — u(x,t)] £7(x,1)

i=0,1..N (1.30)

In this scheme, which we will denote as ISLB-PC (since the Propagation
step is done before the Collision step), an interpolation procedure in two
dimensions is used to determine the value of f;(x,t) in Eq. (1.30). To find the
value of f;(x,t) when one has the values {f;(rn,t)}, n = 0,1 ... 8, we may
use the same interpolation procedure as for the ISLB-CP scheme, which gives
fi(ro,t + 6t) from the set {fi(r),t + 6t)},n' = 0, 1/, ... 8'. The ISLB-PC
approach may be viewed as being equivalent to the early Finite Difference
schemes developed in [1], but replaces the calculation of local derivatives
through an interpolation procedure, while maintaining the propagation of
information along the characteristics line.

The ISLB-CP and ISLB-PC schemes use biquadratic interpolation to cal-
culate the values of the distribution functions in the central node (denoted
by 0 in Figures 1.6 and 1.7). This is not the unique possibility. In fact, the
authors who introduced the original ISLB scheme [5, 6, 7, 8] reccommmended
the use of an upwind biquadratic interpolation procedure. This procedure is
explained briefly in Figure 1.8, where the position of the point x is shown

15
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Figure 1.8: The UISLB-PC scheme.
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in two cases, when the characteristics lines are directed along the velocity
vectors e and e;, respectively (the other velocity directions may be consid-
ered in a similar way). In these Upwind ISLB-PC (UISLB-PC) cases, the
distribution functions are interpolated in node z and thereafter propagated
on the corresponding characteristics lines towards the lattice nodes 5 (Figure
1.8a) and 1 (Figure 1.8b). An Upwind ISLB-CP (UISLB-CP) scheme may
be introduced in the same way as the UISLB-PC scheme described here.

The Iterpolation Supplemented Lattice Boltzmann schemes were originally
developed to deal with non - uniform grids. To our best knowledge, in the LB-
litterature there is no attempt to use ISLB schemes to multiple component
systems whose particles carry different masses. When developing the ISLB-
PC scheme, their authors started from the early LGLB philosophy, which
considers that distribution functions are redistributed at each lattice node
because of collisions and are moved thereafter in the direction of their cor-
responding velocity vectors. When compared to this philosophy, the present
discussion of Finite Difference Schemes for the Boltzmann Equation, which
is based on the characteristics lines of the Boltzmann equation, may be an-
other step towards a more rigorous approach to Lattice Boltzmann models.
Because the Lattice Boltzmann equation is a hyperbolic equation, the char-
acteristics curves (which are straight lines since the velocity vectors e; are
constant [4]) may provide the background for error analysis or stability in-
vestigations.

1.9.2 Interpolation procedures on the 2D lattice

Both ISLB-CP and ISLB-PC schemes need an interpolation procedure to
evaluate the value of the distribution function f;(x,t)} at the point x =
(z,y) = ro — €;6t in figure 1.7, when the corresponding values {f;(rs,?)},
n = 0,1,...8 of the distribution function are known. As pointed in [8],
second order interpolation is necessary in order to avoid spurious dependence
of the fluid viscosity on the lattice size.

If we introduce a cartesian coordinate system centered in the node ry =
(o0, o) in figure 1.7, such that the X axis points along the vector e; and
we use the fact that we deal with a square lattice, we may define the non -
dimensional (natural) coordinates [9)]

_ r — Xy _
£ = 5 € [-1,+1]
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_ Y~ Y% _
n = o € [-1,+1] (1.31)

To simplify the notation, in this subsection we will write f(x) instead
of fi(x,t), and f(r,), n = 0, 1, ... 8 instead of f;(ry,t). The interpolation

procedure gives
n=8

f(x) = Z Nn f(rn) (1.32)

n=0 )
where the weight coefficients NN,, are given in table 1.1 as the product of two
second order Lagrange interpolation coefficients (one for each axis), which
are defined as follows (the argument 8 stands for £ or n)

[6 —0][6 — 1]

L2O) = [y =oli@) - 1)

b 10— (=DI[6 - 1]

L®) = o=l =1]

L2(0) = [6 - (=116 - 1] (1.33)

[1-(-D][1-0]

The biquadratic interpolation procedure described above may be applied
to any lattice node which is not situated on the boundary (i.e., bulk nodes).
Bulk nodes ry have all the eight neighborsr,, » = 0, 1, ... 8. When the node’
ro is located on the lattice boundary, some of these neighbors are missing,
e.g., as shown in figure 1.9, which refers to four kinds of boundaries (walls):
bottom (B), top (T'), left (L) and right (R), Such situations are encountered
when one deals with flow between horizontal or parallel plates (we will not
discuss here the case when the fluid system is confined into a box — this case
needs to consider also the presence of corner nodes).

For wall nodes, Eq. (1.32) changes to

fx) = Y Naf(xn) (1.34)

neNw

where the sum is computed with respect to all indices in the set Ny, W €
{B,T, L, R}. The elements of the sets Np are (see figure 1.9):

Ns = {0,1,2,3,5,6}
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Figure 1.9: Lattice nodes on the walls: (B) — bottom wall; (T) — top wall;
(L) - left wall; (R) — right wall.
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Table 1.1: Interpolation weights for the bulk lattice nodes.

No  L§(8) Li(n)
Ny LR Li(m)
Ny L3(&) Li(n)
Ny L2(8) Li(n)
Ny L3(&)LZ(m)
Ns  L%(§) Li(n)
Ng  L2(¢) Li(n)
Ny L2(§)L2(n)
Ny Li(§) L2(n)
Ny = {0,1,3,4,7,8}
N, = {0,1,2,4,5,8}
Ne = {0,2,3,4,6,7}

We may use linear Lagrange interpolation for the Y directions when deal-’
ing with horizontal walls, or for the X direction when dealing with vertical

walls. To this purpose, we define the corresponding coefficients

o) =

L= (6)
Lg*(9)

L7

while the interpolation weights N,

6 — (-1)
0— (-1)
. 6-0
T (=) -0
_6-1
T 0-1
_8-0
1-0

(1.35)

are given in table 1.2, for each boundary.
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Table 1.2: Interpolation weights for the boundary lattice nodes.

bottom  No  L%(¢) Lgt(n)
Ny LA(€) Lg*(m)
Ny L&) LiF(n)
Ny L2(8) Lg*(n)
N5 LA(¢) LY (n)
Ns L2 (¢) Lid- ()
top No L} Lg (n)
Ny I3(&)Lg(m)
N3 L2(¢) Ltl)_ )
Ny  L3(&) L (m)
N; L2 (&) L (n)

Ns  L§(&) L (n)

left Ny L3(&) Li(n)
Ny L) Li(n)
N, L(1)+(f) Li(n)
Ny LgH(§) L2(n)
£)
)L

Ns L&) Li(n)
Ng L&) L2(n)
right No LI (&) Li(n)
N, Lo (&) L% (n)
Ny L7(§ Lj(n)
Ny 5 (&) L2 (n)
N L~ €3] Li(’?)
Ny  L(&)I%(n)
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We should underline the fact that the ISLB schemes (ISLB-CP, ISLB-PC,
UISLB-CP and UISLB-PC), which use second order (biquadratic) 2D inter-
polation procedures, are different from the previously introduced Upwind,
Lax - Friedrichs, Space Centered and Lax - Wendroff schemes, which use 1D
interpolation. We want to point that other 2D interpolation schemes may
be also considered, besides the ISLB schemes (i.e., biquadratic interpolation
procedure adopted here for bulk nodes, associated with a linear - quadratic
procedure for boundary nodes). For example, the bilinear Lagrange inter-
polation, as well as the linear or the quadratic elements in the “serendipity
family” [9] may provide some alternatives.

1.10 Numerical simulations

1.10.1 Computer code

In the remaining section of this chapter, we are reporting a few significant
simulation results which were obtained using the explicit Finite Difference
Lattice Boltzmann (FDLB) schemes introduced above. These results refer to
2D Poisseuille flow and were mainly done to see the behavior and to estimate
the errors and performances of each scheme we investigated.

To reduce the programming effort, we restricted ourserves to the nine
bit model and used a square lattice. The computer code is given in Ap-
pendix A. All the necessary simulation parameters (number of lattice nodes
in the X and Y direction, number of cycles to be performed, numerical
scheme to be used, boundaries, initial configuration, particle masses, local
number densities, wall velocities and so on) are introduced in the input data
file wet9.input. The input parameter key_scheme controls the numerical
scheme to be used during the simulation, as shown in Table 1.3. For further
details concerning the meaning of input parameters in the file wet9. input
please refer to the comment lines in the source code.

The other chapters of our present report will be dedicated to the physics of
diffusion, surface tension and wetting phenomena, as it can be recovered using
the computer codes based on the explicit numerical schemes we developed.
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1.10.2 Single Component Fluid

We made different computer runs to study the influence of the parameters 6,
4t and 7, on the kinematic viscosity v. Initially, the flow of a single component
fluid within a 2D channel (Poisseuile flow) was simulated using the Upwind,
Lax - Friedrichs and Lax - Wendroff schemes. A 5 x 25 lattice was used, with
the same forcing term. The value of the viscosity was determined after fitting
the parabolic velocity profile across the channel, as done in our intermediate-
report [1].

Figure 1.10 shows the influence of the lattice spacing éz on the kinematic
viscosity v, when the other parameters are constant (1, = 107% s, 6t = 107°
s, particle mass m = 1 amu, temperature T = 300 K, force F' = 1072 N).
When using the first order schemes (Upwind, Lax - Friedrichs or FU), the
viscosity is always found to increase when the lattice spacing dz increases. In
particular, when using the Upwind or the FU scheme, a linear dependence of

Table 1.3: Possible values of the input parameter key_scheme, which controls
the numerical scheme to be used during computer simulations.

key_scheme Numerical Scheme Section
0  Upwind (U) 1.5
1 Lax - Friedrichs (LF) 1.6
2 Space Centered (SC) 1.7
3 Lax — Wendroff (LW) 1.8
7 ISLB - CP 1.9
8  UISLB - CP 1.9
9 ISLB-PC 1.9
10 UISLB -PC 1.9
11 Linear Serendip Elements 1.9
12 Bilinear Interpolation 1.9
13 First Order Upwind (FU) 1.2
14  Centered Space (CS) 1.2

15  Second Order Upwind (SU) 1.2
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Figure 1.10: Influence of the lattice spacing dz on the kinematic viscosity v,
as determined by fitting the parabolic velocity profile in a 2D channel: (a) -
Upwind scheme; (b) - Lax - Friedrichs scheme; (c) - Lax - Wendroff scheme;
(d) - FU and CS schemes.
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Figure 1.10: (continued) Influence of the lattice spacing dz on the kinematic
viscosity v, as determined by fitting the parabolic velocity profile in a 2D

channel: (a) - Upwind scheme; (b) - Lax - Friedrichs scheme; (c) - Lax -

Wendroff scheme; (d) - FU and CS schemes.
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the viscosity on the lattice spacing éz is found when this parameter becomes
large enough. The kinematic viscosity v is found to be independent on the
lattice spacing only when using second order schemes (Lax - Wendroff or CS).
Similar results were reported when using the ISLB scheme [5, 6]. A rigorous
analysis of an 1D ISLB model [8], revealed that one should use a second order
interpolation formula in order to avoid a spurious (lattice spacing dependent)
viscosity term in the Navier Stokes equation. '

Despite the recovery of the correct (lattice spacing independent) value
of the viscosity, the Lax Wendroff scheme in our computer code is found to
become unstable when the Courant - Friedrichs - Lewy number exceeds a
certain value (CFL =~ 0.04). This is why the values v = v(dz) in figure
1.10c are available only for éz > 7 x 10~° m. This behavior may be as-
sociated to the necessity to keep a small value of the Courant - Friedrichs -
Lewy number CFL, in order to preserve the validity of the first order series
expansion (1.29), which is essential to all interpolation based FDLB scheme.
A similar problem was observed when using the CS scheme (Figure 1.10d)
but, in this case, the lattice spacing 6z should be larger than 1.5 x 1075
m (which means CFL ~ 0.2) in order to avoid the negative values of the
equilibrium distribution functions.

Figure 1.11 shows the influence of the time step ¢ on the kinematic
viscosity, when 6z = 10~* m and the other parameters were unchanged.
When using the Upwind, Lax - Friedrichs or Lax - Wendroff schemes, the
viscosity v is always found to decrease when increasing the time step. Only
in the case of the Lax - Wendroff scheme, the dependence v = v(dt) is a
linear one, in accordance to the general theory of the LGLB model [1, 10, 11]

2, — 6t 4 21, — Ot kgT

YET T X T T T

The viscosity is found to be independent on the time step when using the

Finite Difference Schemes (FU and CS). This is in accordance to the viscosity
formula derived previously in our intermediate report {1}

(1.36)

v=mxc = ;—”kBT (1.37)

Figure 1.12 shows the influence of the relaxation time 7,, when dz = 10~*
m and 6t = 107° s. Eq. (1.36), which predicts a linear dependence of the
viscosity on the relaxation time 7,, is found again to be valid for the Lax -
Wendroff scheme, while Eq. (1.37) is well verified in the case of the Centered
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Figure 1.11: Influence of the time step d¢ on the kinematic viscosity v, as
determined by fitting the parabolic velocity profile in'a 2D channel: (a) -
Upwind scheme; (b) - Lax - Friedrichs scheme; (c) - Lax - Wendroff scheme;
(d) - FU and CS schemes.
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Figure 1.11: (continued) Influence of the time step dt on the kinematic viscos-
ity v, as determined by fitting the parabolic velocity profile in a 2D channel:
(a) - Upwind scheme; (b) - Lax - Friedrichs scheme; (c) - Lax - Wendroff
scheme; (d) - FU and CS schemes.
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Figure 1.12: Influence of the relaxation time 7, on the kinematic viscosity v,
as determined by fitting the parabolic velocity profile in a 2D channel: (a) -
Upwind scheme; (b) - Lax - Friedrichs scheme; (c) - Lax - Wendroff scheme.
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Figure 1.13: Dependence of the kinematic viscosity v on the inverse of the
mass (m~!) of the particles in the fluid system, as determined by fitting the
parabolic velocity profile in a 2D channel (FU and CS schemes).

Space (CS) scheme. Even if the Upwind and the First Order Upwind (FU)
schemes give also a linear dependence v = v(7,), the values of the viscosity
are not within the range predicted by Egs. (1.36) and (1.37), respectively.

Although the Lax - Wendroff scheme gives the correct dependence of
the viscosity on the simulation parameters dz, §t and 7,, we found it to
be unstable when dealing with a homogeneous two component fluid system.
It is this reason why we turned later to other schemes, which proved good
stability for such systems.

To check the FU and CS schemes further, we performed several runs with
6z = 0.0001 m, 6t = 107 s, 7, = 1078 s and different values of the mass m
of the particles. The results are shown in Figure 1.13. A linear dependence of
the kinematic viscosity on the inverse of the mass (m™!), which is predicted
by Eq. (1.37) is found only in the case of the CS scheme.

Table 1.4 and Figure (1.14) show the dependence of the kinematic vis-
cosity v on the lattice spacing 6z when centered ISLB schemes are used.
Two values of the time step §¢ were adopted, while the relaxation time was
maintained constant (1, = 1 X 1078 s). One may see that table 1.4 has
a few missing entries in the column 6t = 2 x 1079 s. These missing en-
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Table 1.4: Influence of the lattice spacing dz on the viscosity (ISLB schemes).

oz v v

[s] [ m?/s ] [ m2/s]

0t =1x10"%s 0t =2x107%s

ISLB-CP 0.3 x 107° 0.020865
0.5 x 10~° 0.022264
0.6 x 107° 0.022575 0.021173
0.7 x 107° 0.022785 0.021425
1.0 x 1075 0.023132 0.021829
2.0 x 1075 0.023457 0.022198
3.0 x 1075 0.023532 0.022284
4.0 x 107° 0.023560 0.022317
5.0 x 107° 0.023573 0.022332
10.0 x 1075 0.023592 0.022354
ISLB-PC 0.3 x 10~° 0.020059
0.5 x 1075 0.021926
0.6 x 107° 0.022332 0.020750
0.7 x 1073 0.022603 0.021105
1.0 x 107° 0.023093 0.021665
2.0 x 1078 0.023433 0.022155
3.0 x 107° 0.023521 0.022265
4.0 x 10°° 0.023554 0.022306
5.0 x 1075 0.023577 0.022326
10.0 x 10~° 0.023592 0.022352
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Figure 1.14: Influence of the lattice spacing dx on the kinematic viscosity
v, as determined by fitting the parabolic velocity profile in a 2D channel,
for two values of the time step 6t (1 x 10™° s and 2 x 10~°: (a) - ISLB-CP
scheme; (b) - ISLB-PC scheme.
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tries correspond to CFL > 1, when the numerical scheme is always unstable
and distribution functions become negative. For both 6t = 1 x 107 s and
6t = 2 x 1079 s, the kinematic viscosity increases when increasing the lattice
spacing 0z (i.e., when decreasing the Courant - Friedrichs - Lewy number CFL
below unity). When the lattice spacing is large enough to achieve CFL < 0.1
(approximatively), the kinematic viscosity becomes very close to the theoret-
ical value calculated in accordance to Eq. (1.36). This feature is seen clearly
in Figure 1.14, where the curves v = v(dz) exhibit a saturation behavior.
Thus, the error in the determination of the viscosity becomes negligible (less
that one percent in our case) when the first order series expansion (1.29)
becomes accurate enough.

In order to see the influence of the time step 6t on the viscosity, we per-
formed several computer runs with the ISLB schemes, using a fixed value
of the lattice spacing dz. This value was choosen to be 0z = 3.0 X 1075
m, which lies within the interval where the approximation (1.29) is accept-
able. The results, which are reproduced in Table 1.5, as well as in Figure
(1.15, show a linear dependence v = v(Jt), as expected in accordance to
Eq. (evisco). This equation predicts also a linear dependence of the kine-
matic viscosity » with respect to the relaxation time 7,, which is seen in
Figure 1.16, for 6z = 3.0 x 10°m and §; = 1.0 x 10™°s '

_ The numerical experiments described in this subsection revealed that only
the CS scheme, as well as the ISLB-CP and ISLB-PC schemes give the correct
dependence of the fluid viscosity on the simulation parameters, for a single
component fluid.
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Table 1.5: Influence of the time step ¢ on the kinematic viscosity v (ISLB
schemes).

ot v
[s] [m?/s]

ISLB-CP  0.5x10"°  0.024165
' 1.0x10~°  0.235323
1.5x10™°  0.022906

20x107%  0.022284

2.5x107°  0.021665

3.0x 107  0.021047

ISLB-PC  0.5x107°  0.024159
1.0x10™°  0.023521
1.5x107%  0.022891
2.0x107°  0.022265
2.5 x 107  0.021642
3.0x107?  0.021022
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Figure 1.16: Influence of the relaxation time 7, on the kinematic viscosity v,
as determined by fitting the parabolic velocity profile in a 2D channel, for a
fixed of the time step 6t (1 x 1079 s): (a) - ISLB-CP scheme; (b) - ISLB-PC
scheme.
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1.10.3 Homogeneous Two Component Fluid

We consider a homogeneous two component fluid system subjected to Pois-
seuille flow, whose composition may be varied. The system’s composition
may be described using the mass composition

w=—"b_ -2 (1.38)
p1 + p2 P
where p; and p; are the mass densities of the two components and p = p; + p2
is the mass density of the whole system. Another possibility to account for
the composition of the homogeneous system is to use the mole fraction

g =t _ M (1.39)
n + Na n
where n; and n, are the number of moles belonging to each component and
n = n; + ng is the total number of moles in the system.

In order to study the composition dependence of the system’s viscosity, we
kept a constant number of moles n = 1 in the system during our simulations,
while the number of moles belonging to the first component was varied from
0 to 1, with the increment 0.1. The system’s viscosity was determined after
fitting the parabolic velocity profile established across the channel, as done
for the single component fluid.

The dynamic viscosity 7 of the system should equal the sum of the dy-
namic viscosities 7; and 7, of the two components

n=m+n (1.40)

Since the dynamic viscosity 1 of a fluid is expressed as the product of its
mass density p and kinematic viscosity v

n=pv (1.41)
we have, for the two component fluid system
pv = (p1 + p2)v = p11 + pate (1.42)

This gives a linear dependence of the kinematic viscosity v of the whole
system on the mass composition w
V=£LV1+p—:V2=w(V1—V2)+V2 (1.43)
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Thus, the slope of the straight line v = v(w) is determined solely by the
difference between the kinematic viscosities of each pure component. This
slope is positive when v; > 1, and negative otherwise.

Because the kinematic viscosity v has a qualitatively different dependence
on the relaxation time 7, when using the Upwind or the Lax - Friedrichs
schemes (see Figure 1.12), also the composition dependence of the viscosity
of a binary system is found to have a different behavior when using these
schemes. This is seen in Figure 1.17, where we show the results obtained for a
binary system whose particles have the same mass, but the relaxation times 7,
are different for each component. Although the linear interpolation schemes
(Upwind and Lax - Friedrichs schemes) do not give the correct dependence
of the kinematic viscosity (1.36), the mass concentration dependence of the
system viscosity is always linear, as predicted by Eq. (1.43) and shown in
Figure 1.18.

Figures 1.19 and 1.20 show some results obtained with the ISLB-CP
scheme. Similar graphs were obtained using the ISLB-PC scheme. The
correct dependence of the viscosity of the whole system on the mass com-
position, as well as the other simulation parameters (masses m; and my of
the particles belonfing to each component, time step 6¢ as well as relaxation
times 7; and 7, of each component), is always recovered.

We should point here that the former LGLB model cannot account for
results similar to those shown in figure 1.19 for a homogeneous two com-
ponent system. In the LGLB model, all particles share the same thermal
velocity, even if their masses are different. Since the viscosity in the LGLB
model is mass independent, the use of this model to simulate a two compo-
nent fluid system will always give a composition independent viscosity. This
erroneous behavior of the LGLB model is limiting seriously its application
to multicomponent fluid systems.

To compare the CS and the ISLB-CP schemes, we used the lattice spac-
ing 6z = 0.0001 m and the time step 6 = 1079 s to study the composition
dependence of the viscosity of a very particular two component system. The
two components of this system had the masses m; = 1 amu, m; = 2 amu
and the relaxation times 7; = 1 x 10785, 7, = 2 x 107% s, respectively. In
accordance to the viscosity formula (1.37), the viscosities of the two compo-
nent fluids are identical when we use the CS scheme, since, for this particular
system, we have

no_ 2 (1.44)
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Figure 1.17: Composition dependence of the kinematic viscosity v of a ho-
mogeneous two component fluid: (a) - Upwind scheme; (b) - Lax - Friedrichs
scheme. The two components have the same mass (1 amu) but the relaxation
times are different (r; = 108 sand 7, = 2 x 1072 g).
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Figure 1.18: Composition dependence of the kinematic viscosity v of a homo-
geneous two component fluid (Upwind scheme). The two components have
different masses (expressed in amu) and/or relaxation times (expressed in

s). Curves were been obtained for m; = 1, mg = 0.5, 1 = 1 X 1078,
1, = 0.5 x 1078, (upper curve), m; = 1, my = 05, 1, = 1 x 1078,
7 = 1 x 1078, (second curve), m; = 1, my = 2, i = 1 x 1078,
r = 1 x 1078, (third curve), m; = 1, my = 2, i = 1 x 1078,

7, = 2 x 1078, (bottom curve). i
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Figure 1.19: Composition dependence of the kinematic viscosity v of a homo-
geneous two component fluid (ISLB-CP scheme). The two components have
different masses (expressed in amu) and the same relaxation times (expressed
in s). Curves were been obtained for m; = 1, m; = 0.5, 77 = 1 x 1078,
5 = 1 x 1078, (upper curve) and m; = 1, my = 2, 3 = 1 x 1078,
7 = 1 x 1078, (lower curve), respectively.
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Figure 1.20: Composition dependence of the kinematic viscosity v of a ho--
mogeneous two component fluid (ISLB-CP scheme). Curves (from top to
bottom) were been obtained for (masses are expressed in amu, while relax-
ation times are expressed in seconds): m; = 1, my = 1, n = 1 x 1078,
T =2x108m =1,my =057 =1x108%n =1x10"%m; =1,
me =271 =1%x10872=2x10%m =1,my =1,71 = 1x 1078,
2 =05x108m =1,m=27n=1x10% 7 =2x 108
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Figure 1.21: Composition dependence of the kinematic viscosity v of a homo-
geneous two component fluid (ISLB-CP and CS schemes). Curves were been
obtained for m; = 1amu, my = 2amu, 73 = 1 x 10785, 7, = 2 x 1078 s.

When we use the ISLB-CP scheme (as well as the ISLB-PC scheme), the
viscosities of the two fluid components are no more equal since

27’1 — 6t # 27’2 — ot
my mo

Thus, the viscosity of the particular homogeneous two component system
mentioned above is composition independent when the CS scheme is used,
while it does not have this property when the ISLB schemes (ISPB-CP or
ISLB-PC) are used instead. Figure 1.21 shows the computer results.

44

(1.45)




Chapter 2

Diffusion Couple

2.1 Description of the model

We consider a two component system whose particles carry different masses
denoted m,, 0 = 1, 2. The system is described by two distribution functions
sets { f7N(r,t)}, 0 = 1,2;4 = 0,1...N, defined on a 2D regular lattice.
The distribution function f7"(r,t) gives the probability to find in node r
of the lattice, at time ¢, a particle of mass m, having the velocity e;-”N ,
i =0,1...N. As discussed previously [1], the underlying lattice may be a
square one, while the velocity space may be restricted to one of the two 2D
discrete velocity sets { ef’N } widely used in LB simulations, which correspond
to N = 6 or N = 8. These velocity sets define the so-called seven bit LB
model (N = 6)

eg’,ﬁ = 0 (21)
2m(i — 1 2n(i—1
e’ = (e‘i’l’e,e;-”s) = [cos W(Z6 ) , sin 7r(z6 ) Co.6
i=1,...6

or the nine bit model (N = 8)

e® = 0 (2.2)

(5] = CcoS

';-”8 ﬂz_;_l)_,sini(ﬁi—_l_)] Cos , i=1,...4
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e = V2 [cos (1 + M) ,sin(% + -7%_—?1)1 Co8

The “thermal” velocities ¢, n, N € {6,8} are defined by

ksT

CoN = 2.3
N p—— (2.3)
where
1, N=6
XN =19 , (2.4)
? ) N = 8

In the absence of external forces, the distribution functions are supposed
to satisfy the Boltzmann equation with the Bhatnagar - Gross - Krook col-
lision term (8; = 8/0t, 8y = 8/0zq, o = 1, 2)

1
BN ) + eoufN ) = — = [£VEY) - £

4

=12 and i=01..N (2.5)

and therefore evolve in accordance to the Finite Difference Lattice Boltzmann

(FDLB) equations

oV t+6t) = fPN(rt) — steP” - Vo (x,1)
ot
- N - )
o

=12 ad i=0,1,...N (26)

where 7,, 0 = 1,2 are physical relaxation times and f;’ Nied(y 1) are the
equilibrium distribution functions.
The local number densities are defined by

N N
no(r,1) = 3 fPN () = 3 f7x,t) @7)

=0 =0
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while the local density and the local velocity of each componént are

po(r,t) = mgn,(r,t) (2.8)
w(Y) = o 2o ) (2.9)

The mass averaged (barycentric) velocity is defined by

=2
miniu; + Mengly Y oel PoUs (2.10)
= it =92 *
miny + Many o=1 Po

The mass flux j, of the component o [12, 13] is defined with respect to the

barycentric velocity
jo = rhos (U, — u (2.11)

As usual in LB models, the equilibrium density functions are expressed

as power series in the components of the local equilibrium velocity, uo Ve
’N) — N
7 = wy ng(r,t) (2.12)
e?,N .u%Neq (e?',N . ua,N,eq)Z (ua,N,eq)2
x |14+ = : - - 5
XNcg,N 2XNCU’,N 2XNca,N

where the weight factors w)' are

3 ,» =0
wd = (2.13)
-1—15 , t=1...,6
for the seven bit model, and
-‘é , =20
wif=4+ , i=1..4 (2.14)
% - i=5..8

for the nine bit model.
Since the elements of the velocity sets {e]*" } satisfy

e =0
i
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Z wlelN el = xXoclybap (2.15)
Z ,wNea,N zaﬁN a,N =0
Z wa’N oNesNerNe" = X2 chn (6apbys + 018005 + G5504a)

following sums are easily computed

=0

> M = m, - (2.16)
=0
=0
Z e a,Neq — n,(r, t),u’:,N,eq (217)
=0
> e, egﬂ’fz?’N’eq = n, [xa 2 0ap + uauﬁ] (2.18)
1=0

i=0

> eV e "’N ”’ ot — ¢2 N T (Oaplly + Oaytis + Opytis)  (2.19)
=0
As discussed previously [1], the macroscopic behavior of a single com-
ponent fluid system is independent of the discretization of the phase space
(i.e., independent of the number of elements N of the discrete velocity set
{eZ"} used in the FDLB model). In the case of a two component system,
we will consider the same model (seven bit ot nine bit, i.e., the same N) for
both components. The choice N = 6 or N = 8 is only a technical detail
related to the FDLB computer code and has no influence on the results at the
~macroscopic scale. To reduce the number of indices in the following formulae
in this chapter (as well as in the subsequent chapters of this report), we will
discard the index N. Consequently, we will write

07 (r1) + €GOS = — = [£20) - [ )

=12 ad i=01,..N (2.20)
instead of Eq. (2.5),

eg N (eg . uor,eq)2 B (uu,eq)2

XoCs 2x5¢5 2X0C5

FO = wing(r,t) |1 + (2:21)
instead of Eq. (2.13), and so on.
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2.2 Chapman - Enskog expansion

The distribution functions are usually expanded as power series in the Knud-

sen number &
fo = fiﬂ(o) + sfia(l) + 62fi6(2) + ... (2.22)

while two corresponding time scales and one length scale are introduced when
computing time and space derivatives
at = 86t1 + 62@2 (223)
Ou €04 (2.24)

After introducing the Chapman - Enskog expansion (2.22), as well as the
corresponding expansions (2.23) and (2.24) of the time and space derivatives
in the Boltzmann equation (2.20)

(eatl + 62@2) [f{’(o) +effW 4 2@ 4 ] +

eetpdp [F10 + effV + 27 4 ] =

1
—— [FO 4RO+ 2RO+ - ) (2.25)

o

we can separate the zero-th, first and second order Boltzmann equations with
respect to the Knudsen number ¢

1

0= -— [#7O - 7] (2.26)
a g 1 g
O fi © 4 Osf; (O)Cgﬂ = T fi @ (2:27)
g
ol o o 1 o
0unfi® + 8,570 + Vel = —— £ (2.28)

From the zero-th order Boltzmann equation (2.26), we get, for any o € {1,2}

andi =0,1...N
o) = foed (2.29)

2

This condition ensures also the validity of the zero-th order mass and momen-
tum equations (2.32) and (2.35), which will be discussed in the next section.
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Taking into account the expression (2.7) of the local number density n, and
the series expansion (2.22), we get
i=N )
YO =0 vix1 (2.30)
=0
As usual in many Lattice Boltzmann models for multicomponent fluids [13,
14, 15, 16, 17], we assume that all components have the same equilibrium
velocity in the absence of external forces and long range interactions

w¥=uwu, Vo=12 ad a=12 (2.31)
Consequently, the equilibrium distribution functions f{* = f; © are ex-
pressed as series expansions (2.21) with respect to the components w;, of this
equilibrium velocity. At this stage, we are not interested in the procedure

which should provide the means to compute the values of the components
ul,; this procedure will be discussed later.

2.3 Conservation equations

The zero-th, first and second order mass conservation equations for each

component ¢ = 1, 2 are recovered from Eqgs. (2.26 — 2.28) after summation

with respect to ¢ (multiplication by m, is omitted)

11N

-= S [FO -] = o0 2.32
L ] (2.32)
T 0 45, 5 0O, 1 §° pow

Oy 3 fi + 0 [ = —— D £ (2.33)

=0 =0 To =0

g g 1 N 0'

atsz,‘°)+6 T 0453 g0 = -1 Y 1@ 234

1=0 =0 To =0

The zero-th, first and second order momentum conservation equations are
also recovered from Egs. (2.26 — 2.28) after multiplication with m,e7, and
summation with respect to 7 and o

m =N
=Y =Y (O -] e = 0 (239




=2 o=2

8, S me > 70 +a,,zm,zf"<°’” % =

o=1 =0 =0

o=2 =N

- Z me Z 0(1) ¢ (2.36)

o=1 To i=0

o=2 o=2 =N

8t2 Z my Z 6(0) €ia + 6t1 Z mey Z 0'(1) a +
o=1 =0 =0
a =2 0_(1) 0 a _ o=2 My =N 0'(2) a 0 37
B Z Mg Z abip = — Z T Z ( . )
=0 o=1 o =0

The zero-th order mass and momentum equations (2.32) and (2.35) are
automatically satisfied in accordance to Eq. (2.29). Moreover, the right hand
sides of the first and second order mass equations (2.33) and (2.34) vanish
because of Eq. (2.30) and thus, these equations are rewritten as

O, Z O+ 8 Z 7%z =0 (2.38)

=0 =0

8., zf:<°>+a SEU+aY 0 =0 @)

=0 =0

2.4 Mass equations

Since f7©® = f7*9, we can use the series expansion (2.21), as well as the
properties (2.16) and (2.17), to rewrite the first order mass conservation
equation (2.38) in a more familiar form, after multiplication by m,

B1ps + Bp(pouy) = 0 (2.40)

Here
Do = MgNg (2.41)

is the local density of the component o.
Using the first order Boltzmann equation (2.27) to express f, in the
second order equation (2.28), we get

0 f7® + 1,802 — 20,8, [0,F7 + 887 Vey] -
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1
7005/ Oty = — P (242)

8

This equation, multiplied by m, and summed over ¢, gives the following form
of the the second order mass conservation equation (2.39)

01,0 + To(04)2Ps — To0a8p(nskpToas + potiguy) = 0 (2.43).

To derive this result, we used the first order mass equation (2.40), as well as
the property (2.18) and the definition (2.3). '

To recover the mass conservation equation for the component o up to
the second order with respect to the Knudsen number, we sum together
Egs. (2.40) and (2.43) multiplied by & and €?, respectively, and take into
account the expressions (2.23) and (2.24) of the time and space derivatives

Oips + 601([’0”1:) + Tcr(at)zpa -

kT

o

0080a08ps — Ta0a0p(poguy) = 0 (2.44)

To

When summing over o, we get also the mass equation for the whole fluid
system

=2

3tp + a pua) + at Z ToPo —

o=2 =2
kpT 0,08 Z T::" — 0,08 [(Z 'rap,,) uauﬁ] =0 (245

=1 o i=1

where
o=2

p= Zl Po (2.46)

is the local density of the whole fluid. In the particular case 7, = 7 Vo, the
mass equation for the whole fluid (2.45) becomes

Bip + Balpub) + T(8)? ps — TOaOpp — T0a0p (puuls) =0 (247)
where

o=N i

p = kgT Z Ny _ (2.48)

o=1
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is the local pressure of the fluid system, which is a mixture of two ideal gases.

The mass equation for a single component (2.44), as well as the mass
equation for the whole system (2.45) contain the first and second order time
derivatives of the local density. The presence of both time derivatives is a
characteristics of the telegraphist equation [18], which describes a propaga-
tion phenomenon. Consequently, one may expect that the density profile
across the system exhibits a kink (wrinkle or peak), i.e., a non monotonic
propagating pulse. This behavior should be dominant for small values of the
product between the local density and the equilibrium velocity (psul, ~ 0),
when the mass equation for the component ¢ reduces to the true telegraphist
equation

D
8th + -Z;- (Bt)zp, = DV2P¢; (2.49)
where the diffusion coefficient is
D =, F8T (2.50)
My
and
¢ = FeT (2.51)
Mg

is the finite speed at which information travels in the system. The diffusion
equation is recovered in the case

% — 1 0 (252).

2.5 Equilibrium velocity u’

The right hand side of the Boltzmann equation (2.20) represents the collision
term which expresses the variation of the equilibrium distribution function
as a result of collisions between particles. Collisions should preserve the local
momentum of the whole system. Since the momentum equation is derived
from the Boltzmann equation after multiplication by m,ef, and summation
over the indices o and i, we should have

o=2 i=N

ma' a,e o
> Y- e =0 (2.53)
o=1 o =1
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Since f** is expressed as a series expansion (2.21 in the equilibrium velocity
u!, (which is supposed to be the same for all o), we can use Eq. (2.17) to get

o=2 o=2 i=N

u, 3 T X_}l Do Z% (2.54)

o=1 To

which allows the determination of the components u, of the equilibrium
velocity in the node r of the lattice.

If we take into account the fact that the distribution functions f7 are
expressed as power series (2.22) in the Knudsen number, as well as the fact

that 7@ = £, we get the following relations from Eq. (2.54)

o=2 =N

T Doy 0 =0 ,Wix1 (2.55)

o=1 To i=1

2.6 Momentum equation

If we use Eq. (2.55), the first order momentum equation (2.36) becomes

o=2 i=N o=2 i=N

atIZm > f "‘“"’+6ﬂ2m > ;7 eeq =0 (2.56)

=0 =0

Introducing the relations (2.17) and (2.18) in the above equation, we get the
Euler equation

o=2 o=2
O D potthy + 8ap + O Y poty uﬂ =0 (2.57)
o=1 o=1

Using the first order Boltzmann equation (2.27) to express f; @) in the
second order momentum equation (2.37), we get

o=2 i=N (0) o=2 =N ©
atgzma’Zfa €ia ET”m”Z ”)
o=1 =0 =0
o=2 o=2 :
2at1 a1:1 Z pa"u':x + aap + aﬂ Z pauixuéi' -
o=1 o=1
- 0
050,y Z; TeMg z;) £ eeier, = 0 (2.58)
i= i=l

54




The square bracket in the equation above vanishes in accordance to Eq. (2.57).
If we take into account Eqgs. (2.3) and (2.19) and consider 13 = 7, = 7, the
second order momentum equation becomes

o=2

o=2
O D potiy + 7(0)* Y potiy
o=1 =1
o=2

— 7kgT Y (26,V-u' + V?u,) =0 (2.59)
o=1

When adding the first and second ordet momentum equations, we get

o=2 o=2 o=2
0, ‘:'1 pouh, + T(8)° z:l Potiy + Oop + O 2:1 PoipUs
o= o= o=
o=2
— TheT Y [20a(V -0) + V2| = 0 (2.60)
o=1

Thus, the momentum equation up to the second order contains the first
and second order time derivatives, like the mass equation of the whole fluid
system (2.45. As mentioned previously, the presence of the second order time
derivative is a characteristics of a propagation phenomenon [18].

2.7 Pure diffusion

We suppose that the fluid system is always at rest. In this case, the equilib-
rium velocity u}, should vanish everywhere. When

w, =0 (2.61)

(23

the series expansion (2.21) reduces to

FO = 7 = win, (2.62)

1

Consequently, the first order mass equations (2.38) becomes

i=N i=N
Oy Y wing + 85 Y wingels =0 (2.63)
i=0 i=0
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In accordance to Egs. (2.13) and (2.14), we have the following equalities

i=N
E w; = 1 (264)
1=0
i=N
D wiely = 0 (2.65)
=0

which are valid for N = 6, as well as for N = 8 (i.e., independent of the
number of the discrete velocity speeds in the phase space). Thus, the first
order mass equation (2.63) reduces to

3t1n, =0 (266)

Therefore, from the first order Boltzmann equation (2.27) we get, using the
expression (2.62)

which may be introduced in the second order mass equation (2.39) to give

=N i=N =N

O, Z wing — O Z ToWi€g,0uNg — O Z ToWieg,efs0ans = 0 (2.68)
i=0 i=0 i=0 :
Since
i=N :
Y wielely = xoc20af (2.69)
i=0

the second order equation (2.68) is rewritten as
OuNe = ToXoCoVNg (2.70)

After multiplication of the mass equations (2.63) and (2.70) by ¢ and €2,
respectively, we can sum them together to recover the mass equation up to
second order with respect to the Knudsen number

Oy = ToXoCoVN4y (2.71)

which, after multiplication with m,, becomes identical to the pure diffusion
equation '
Oips = DV?p, (2.72)
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where the diffusion coefficient is
kgT

('

D = TO'XO'C¢27 = T, (2.73)

If we remind the expression of the viscosity in the FDLB model [1]
ksT
My

vV = Taxa.cg_ = To (274)
we see that the Schmidt number Sc [12] is a constant equal to unity in the
present FDLB model

Se = — =1 (275)

2.8 Comparison with the theory of Shan and
Doolen

The LGLB model previously developed by Shan and Doolen [13, 17] was
used to simulate the time evolution of the barycentric velocity profile in a
diffusion couple [19]. Here is a brief outline of the main characteristics of
this model:

1. All components have the same equilibrium velocity u’, which means’
that the hypothesis expressed by Eq. (2.31) is used.

2. The equilibrium velocity u’ in the absence of external forces is given
by Eq (2.54). : :

3. The equilibrium distribution functions f;**? are expressed as series ex-
pansions in the e(zuilibrium velocity u’ while the leading order distribu-
tion functions f; % are expressed as series expansions in the local fluid
velocity u, (i.e., the barycentric velocity — see [17], as well as [19]); this
means that Eq. (2.29) is not valid in the model of Shan and Doolen;
in fact, they make no explicit use of the zero-th, first and second order
Boltzmann equations (2.26 — 2.28) as separate entities; we may imagine
that the starting point of the model of Shan and Doolen is the sum of
the zero-th and first order Boltzmann equation

o o o 1 o
0t + 05 Oy = —— [FO + 7V ~ 7] (276)
which allows f7©® # i""eq, and so on [19)].
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4. The series expansion for f*¢ and f; © which is valid for N = 6,
i.e., the six bit model (see [19]) contains the parameter d, which may
be adjusted to allow different values of the diffusivity; this “degree
of freedom” does not exist in the FDLB model since the very recent
approach of He et al. [20, 21, 22] clearly establishes the value d, = 0.5
using Gaussian quadrature formulae.

5. We mention here that Shan and Doolen give two simulation results
(figures 1 and 2 in their paper [13]); these figures refer to equilibrium
density profiles in a binary mixture which seem to be correct; since these
results refer to systems at equilibrium, we think that the barycentric
velocity u, as well as the equilibrium velocity u’ vanish and the pure
diffusion case is recovered; this may be a serious argument to consider
the model as being valid only for stationary (equilibrium) cases, when
there is some competition between diffusion and other phenomena gen-
erated by external forces, while the model itself does not account for
the true dynamic evolution towards the equilibrium (stationary) case.

6. We should mention also the fact that the LGLB model of Shan and
Doolen inherits the main disadvantage of the LGLB models, which is
the fact that the particle thermal speeds in this model are strictly re-
lated to the lattice spacing (in fact, the magnitude of these speeds is
strictly the lattice spacing divided by the time step) and thus, any
LGLB model does not allow different thermal speed for particles car-
rying different masses; FDLB models allow different thermal speeds
when the particles have differents masses and thus, one may expect
these models to be more close to the physical reality.

2.9 Simulation results

We used a 250 x 5 square lattice with walls placed left and right. The
lattice spacing was 6z = dy = 107* m. Periodic conditions were used at
the upper and bottom boundaries. The left half of the lattice was initialized
with particles belonging to species 0 = 1 while the right half was initialized
with particles belonging to species 0 = 2. When developing the computer
code, we used the nine bit model (N = 8) since this model allowed a larger
variety of finite differences schemes to be tested (see Chapter 1).
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Our first diffusion code used the Second Order Runge Kutta for time in-
tegration [1], combined with an Upwind scheme for calculating space deriva-
tives. Later, we developed a code based on the First Order Upwind Scheme
(FU) which we described in the previous chapter. Both the Runge Kutta
code (Appendix B), as well as the FU code (Appendix A) gave similar re-
sults which are described below.

The initial particle number density was set to unity for each component.
As a result, the initial density profiles of each component, as well as the total
density profile were always similar to those depicted in Figure 2.1, where we
used m; = 1 amu and my = 0.9 amu. 1 amu (atomic mass unit) equals
1.661 x 10727 kg.

The present simulations were done with the same value of the relaxation
time: 7, = 7 = 1078 s, while the time step was chosen to be dt = 107 s.
The thermal velocities of each species of particles were calculated in accor-
dance to Eq. (2.3) with T = 300 K.

Figure 2.2 shows the typical time evolution of the total density profile.
One can see the presence of two kinks: a left propagating kink and a right
propagating one. Their evolution is presented in Figures 2.3 and 2.4. The
presence of these propagating kinks is not a surprise if we remind the mass
equation (2.45) of the whole fluid system, which contains the second order
time derivative. As mentioned before, the presence of the second order time
derivative is a characteristics of a propagation phenomena.

Figure 2.5 shows the time evolution of the barycentric velocity. We may
see the two kinks which form and propagate laterally, while the profile ex-
hibits a central peak which remains always positive. The propagating kinks
are reflected by the lateral walls and superpose to the central peak at some
moments during their propagation. The formation of these propagating kinks
in the figures showing the time evolution of the barycentric velocity may be
explained by the presence of the second order time derivative in the momen-
tum equation (2.60).

Figure 2.6 shows the time evolution of the mass flux of component 2.
This flux is orientated from left to right, as expected, and does not change
its sign. No kinks are observed.

Figure 2.7 shows the total density profile when the two species of par-

ticles have the same mass. This profile is found to be constant during the

diffusion process, while the individual profiles of components 1 and 2 evolve
separately. Figure 2.8 shows the corresponding time evolution of the local
density of component 1. One can see that kinks are not present in the den-
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Figure 2.1: Initial density profiles in the diffusion couple: a — component
o = 1; b - component o = 2; ¢ — total density profile p = p; + pa.

60




1.02 T T
t = 1000 +
1 -w
%
0.98 +
.
0.96 .
.
0.94 .
0.92 +
0.9 \._.—-——-——-—-
0.88 - L +
0 50 100 150 200 250
a: 1,000 time steps
1.02 T T
t = 2000 +
1 -—-—————1—-—-\
0.98 :0
0.96 +
"
0.94 +
:
0.92 M
L
0.9 k—__———-——-—
0.88 L . .
0 50 100 150 200 250
b: 2,000 time steps
1 T T T
t = 50000 +
0.99
0.98 |
0.97
0.96 |
0.95
0.94
0.93
0.92
0.91
0.9 .
0 50 100 150 200 250

c¢: 50,000 time steps

Figure 2.2: Time evolution of the total density profiles in the diffusion couple
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Figure 2.3: Time evolution of the total density profiles in the left region of |
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Figure 2.3: (continued) Time evolution of the total density profiles in the left
region of the diffusion couple (snapshots are taken every 1000 time steps).
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Figure 2.4: Time evolution of the total density profiles in the right region of
the diffusion couple (snapshots are taken every 1000 time steps).
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Figure 2.4: (continued) Time evolution of the total density profiles in the
right region of the diffusion couple (snapshots are taken every 1000 time
steps).

sity profiles when masses are equals, which means that we are dealing with
a pure diffusion process.

To compare the FDLB simulations wit the former LGLB simulations [19],
we slightly modified the corresponding computer code and set the same ther-
mal velocity for each species of particles, even if the masses are different.
For convenience, we used m; = 1 amu, my = 0.9 amu, while ¢; was given
by Eq. (2.3) and ¢, was forced to be equal to c¢;. Figure 2.9 shows the time
evolution of the barycentric velocity in the diffusion couple, which is very
similar to the LGLB results reported in [19]. In this case, the barycentric
velocity changes its sign alternatively, due to strong oscillations which are
present in the system.

The unphysical behavior of the barycentric velocity reported in figure 2.9,
as well as the simulation results reported in [19] provide a very strong reason
for a careful handling of the former LGLB models when dealing with mul-
ticomponent (e.g., binary) systems whose particles carry different masses.
All the present Lattice Boltzmann litterature dealing with multicomponent
systems, e.g., the approaches in [11, 14, 18, 23, 24, 25, 26, 27, 28, 29, 30], ig-
nores completely the connection between the lattice spacing and the thermal
speeds of particles and do not report unphysical effects of the Lattice Gas like
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Lattice Boltzmann scheme. The unphysical oscillations which are observed
when trying to simulate the behavior of a diffusion couple in microgravity en-
vironment with the LGLB model revealed a severe limitation of these models
to those multicomponent systems whose particles have identical mass (as well
as the same thermal velocity). Finite Difference Lattice Boltzmann Models
(FDLB) or Interpolation Supplemented Lattice Boltzmann Models (ISLB)
should be used in order to allow different thermal velocities of particles in
the system (i.e., different values of the Courant - Friedrichs - Lewy number
CFL). In this respect, the absence of the oscillations of the barycentric veloc-
ity in the diffusion couple, as reported in Figure 2.5, are very encouraging.
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Figure 2.5: (continued) Time evolution of the barycentric velocity profile
(snapshots are taken every 1000 time steps).
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Figure 2.5: (continued) Time evolution of the barycentric velocity profile
(snapshots are taken every 1000 time steps).
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Figure 2.7: Total density profiles in the diffusion couple when the two species
of particles have equall mass: this profile remains constant during the diffu-
sion process.

t=0

Figure 2.8: Time evolution of the density profiles of component 1 when the
two species of particles have equall mass: no kinks are observed.
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Figure 2.9: Time evolution of the barycentric velocity profile (snapshots are
taken every 5000 time steps, except the second one, which is taken after 1000
time steps) when the two thermal velocities are set equal (¢; = ¢3).
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Chapter 3

Sessile drop

3.1 Drop shape

A computer code based on a lattice Boltzmann model for liquid - vapor sys-
tems was already described in the preliminary report [31]. This code was
used to investigate the equilibrium shape of a liquid drop on a horizontal
surface and some preliminary results were presented in [31]. These prelimi-
nary simulations were done on a 256 x 64 lattice because of limitations in
the computer resources available at that time. In the present report we will
refer to subsequent simulations made on larger lattices, which were done on a
Pentium II processor with 256 MB RAM working under the UNIX FreeBSD
operating system. The code is given in Appendix C.

Following constant values of the main simulation parameters were used,
as in [31]

e mean system density p, = 3.5

e conventional temperature 7' = 0.550

e relaxation time 7 = 0.8

To investigate the shape of a sessile drop on a horizontal surface subjected
to a gravitational field, we used a constant value of the parameter x = 0.01
of the LB model, which defines the surface tension, as discussed in [31]. We
considered the two different cases, when the liquid is wetting the horizontal
surface or not. For the first case, we adopted the value

op
oz,

= 0.01 (3.1)
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of the normal derivative of the chemical potential on the lower wall surface.
This value of the derivative accounts for the wetting interaction between the
liquid drop and the wall. The second case is characterized by

op

Fu = 001 , (3.2)

which accounts for a non - wetting wall.

Figure 3.1 shows the time evolution of a sessile drop which wets the
bottom wall and is subjected to an acceleration directed downwards (g =
—0.00001). The drop spreads across the wall surface. Because the lattice
was not large enough, the drop ends join laterally because of the periodic
boundary conditions we used in the X direction, so that a flat liquid surface
is recovered in the final state.

Figure 3.2 shows the equilibrium shape of a nonwetting drop subjected
to different values of the gravitational acceleration. One can see that the
drop becomes more and more flattened when the value of the gravitational
acceleration increases.

3.2 Contact angle

We used a 1024 x 192 lattice. The necessary CPU time to perform 100,000
time steps was approx. 72 hours for each data set. Several values of the
surface tension coefficient x were considered, while the normal derivative of
the chemical potential on the lower wall surface was -(%‘: = 0.01. To account
only for the effect of surface tension on the contact angle, no gravitational
acceleration was considered (g = 0).

Figures 3.3 - 3.6 show the time evolution of the lattice state for different
values of the surface tension coefficient k. When the value of the surface
coefficient is large enough (k = 0.01), the drop spreads along the whole
lattice domain, so that the contact angle cannot be determined because of
the periodic boundary conditions on the left and right margin of the lattice
(Figure 3.3). For smaller values of the surface tension, coefficient, when the
drop does not spread along the whole bottom wall, the contact angle oo may
be determined using the following procedure (Figure 3.7), which takes into
account the fact that the upper drop border becomes a circular arc when the
equilibrium configuration is reached (i.,e., when the number of time steps is
large enough). The drop height is denoted h, while its width is denoted w.
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t = 0 time steps

t = 1,000 time steps

t = 2,000 time steps

Figure 3.1: Time evolution of the shape of a wetting drop.
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t = 3,000 time steps

t = 4,000 time steps

t = 5,000 time steps

Figure 3.1: (continued) Time evolution of the shape of a wetting drop.
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t = 6,000 time steps

t = 7,000 time steps

t = 10,000 time steps

Figure 3.1: (continued) Time evolution of the shape of a wetting drop.
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t = 30,000 time steps

Figure 3.1: (continued) Time evolution of the shape of a wetting drop.

If R is the arc radius, we have

h = R(1 - cosa) | (3.3)
w = 2Rsina (3.4)

h 1 — cosa 1 o
w = T2ema 272 (35)
cosa = 2 arctan (—Z—h) (3.6)

Table 3.1 shows the values of the contact angles for the cases shown in
figures 3.4 - 3.6. ‘
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g = —0.000001

g = —0.000020

g = —0.000050

Figure 3.2: Shape of a non - wetting drop subjected to different values of the
gravitational field.
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initial state (¢ = 0)

t = 1,000 time steps

t = 5,000 time steps

t = 10,000 time steps

Figure 3.3: Drop shape during simulation with x = 0.0100.
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t = 20,000 time steps

t = 30,000 time steps

t = 32,000 time steps

t = 33,000 time steps

Figure 3.3: (continued) Drop shape during simulation with x = 0.0100.
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initial state (¢ = 0)

t = 1,000 time steps

5,000 time steps

t = 10,000 time steps

Figure 3.4: Drop shape during simulation with k = 0.0094.
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t = 20,000 time steps

t = 30,000 time steps

t = 50,000 time steps

t = 100,000 time steps

Figure 3.4: (continued) Drop shape during simulation with x = 0.0094.
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initial state (¢ = 0)

t = 1,000 time steps

t = 5,000 time steps

t = 10,000 time steps

Figure 3.5: Drop shape during simulation with £ = 0.0090.
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t = 20,000 time steps

t = 30,000 time steps

t = 50,000 time steps

t = 100,000 time steps

Figure 3.5: (continued) Drop shape during simulation with x = 0.0090.
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initial state (¢ = 0)

t = 1,000 time steps

t = 5,000 time steps

t = 10,000 time steps

Figure 3.6: Drop shape during simulation with x = 0.0088.
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t = 20,000 time steps

t = 30,000 time steps

t = 50,000 time steps

t = 100,000 time steps

Figure 3.6: (continued) Drop shape during simulation with x = 0.0088.
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Table 3.1: Influence of the surface tension coefficient x on the contact angle.

K cos

0.0094 0.9097
0.0090 0.7625
0.0088 0.6671

w

Figure 3.7: Determination of the value of the contact angle a.
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! (snTdx-0392X) / (suTdX-XX) = 0IBZXT
! ((oxozxX-snTdx) 4 (SOUTWX-SNTAX) ) / ( (0I9ZX-XX) 5 (SOUTWX-XX)) = snTAXT
1 ((ozezh<snTdk) 4 (snuTwA-sn1dA) ) / ((0102A-AX) x (SNUTWA-AX)) = snydAt ? ( (SNTAX-0I92ZX) 4 (SNUTWX-0IDZX) ) / ( (SNTAX-XX) y (STUTUWK-XX) )} = OISZXT
¢ ((snTdRk-01824K) 4 (SnUTWA-0102K) ) / ( (SNTAA-AX) 4 (SNUTWA-AX)) = Ox22AT £ ( (sNTAX-SNUTWX) x (OTSZX-SNUTWX) ) / { (SNTAX-XX) 4 (0IBZX~XX)) = SOUTWXT
¢ ((sntdA-snuTuk) x (0x0z&-snutwk) ) / ( (sSnTdA-AX) 4 (0702K-4X)) = snuUTWAT
IXTe3rsp / 1 e3Tep &« [T1ZAD® - ox9zZX = Ax
{xTe3rsp / 37e3Tep x [T]2A09 - o029ZX = Ax IXTe3Tsp / 37e3T9p x [T]2ZX09 - 0X92ZX = XX
{XTeqTep / 37e3TOP x [T1ZX0® - OI22ZX = XX
!snTdAT x snuTWXT = [T]9I30qou
fsnuTwAT 5 0X9zZXT = [T]1T3FOTOU tsnTdAT x saTdxT = [TlgT30qoU
10392A7T x OI9ZXT = [T]OT3IFSTOU 10292AT » SNUTWXT = ([TlgT30qOU
fsnTdAT x 0292XT = [Tlzi3FoTou {snTdAT » 0I9ZXT = [T]ZT30qou
fsnuTwWAT x suTdxT = [T]18T3I9TOU fox9zZAT x snTdxT = [T]iT30qou
10192AT x SNTAXT = [T]TT13FOTOU 10192KT x OI92ZXT = [T]10T30Q0U
fsnTdAT » snTdxT = [TlgT3FoToU
! (oxozA-snTd&) / (0x9z4-AX) = snTdAT
¢ (oxezx-snTdX) / (0OI9ZX~XX) = SnTdXT ¢ (sntdA-ox0zk) / (snTdA-AX) = o0x8zAT
¢ (snTdx-0392X) / (SNTdX-XX) = OIDZXT
£ ((0192ZX-SNTdX) 4 (SNUTWX-SNTAX) ) / ( (OTBZX-XX) x (SNUTWX-XX)) = SNTAXT
¢ ((ox9zk-snTdR) y (snuTwA-snTdA) ) / ( (0x92LK-AX) 4 (SNUTWA-AX)) = snTdAT £ ((snTAX—-0IDZX) x (SNUTWX—0I9ZX) ) / ( (SNTAX~XX) x (SOUTWX-XK)) = OIDZXT
¢ ((snTdk-0192K) 4 (snuTWA-01092K) ) / ( (SNTdA-AX) 4 (SNUTWA-AX)) = 0I22AT ¢ ((snTAX-SNUTWX) x (OIDZX—-SNUTWX) ) / ( (SOTAX-XX) 4 (OTDZX-XX)) = SONUTUXT
¢ ((snTdA-snutui) 4 (0x0zA-snuTuk) ) / ( (SNTdR-Ax%) x (01924-4A%)) = snuTwAT
ixTe3ep / 3 e3P x [T]TAD® - ox@zX = AX
{XTe3Top / 37elTop x [T]TAD® - oadzx = AX IX"elTep / 1 eaTep x [Tl1IXD0®@ - 0I92ZX = XX
IXejTep / 3 eITOP » [T]IXD® - OI9ZX = XX }
(++T 16>T {1=T) 103
fsnuTWAT 4 snTdXT = [T]gzdolou
IsSnUTWAT » 0I92XT = [T]pzdoldu 20001 = sunTdA
fSNUTWAT »x snuTtwxy = [T]rzdoaou 1000°0 = 0x52k
2038ZAT s SDUTWXT = [T]gzdoaou £000°T- = snuTwk
tox9zAT x snTdXT = [T]t1zdolou 1000°'T = snidx
10792ZAT x 0I92XT = [T]Qzdoaou 000°0 = OX9ZX
£000° T- = snutwx
¢ (ozozh-snuTwi) / (0192K-AX) = SOUTWAT
! (snuTwA-019zK) / (SnuTWA-AX) = 0a8zZAT {
fsnuTwkT x snTdxT = [T)gzou
{ ( (ox9zX-snTdX) 4 (SNUTUX-SOTAX) ) / ( (0TDZX-XX) x (SHUTWX-XX)) = sOTAXT SNUTWAT » SOUTWXT = [T]LZOU
£ ((snTdx-010ZX) x (SOUTWX-0IIZX) ) / ( (SNTAX-XX) x (SOUTWK-XX)) = OIIZXT {snTdAT » SNUTWXT = [T]l9ZoU
£ ((snTdX-SNUTWX) x (OTBZX—SNUTUX) } / ( (SNTAX—XX) 5 {(0IDZX-XX)) = SOUTWKT 2sn7dAT & snTdxT = [T]gZoU
{snuUTWAT x OIZXT = [T]Hzou
{X"e3Tep / 3 e3Tep « [T1zAo® - oxozx = AX foxezAT » snuTwxT = [T]€zou
iIX7e3Tep / 3 e3TOP x [T1ZX0® - 0I192ZX = XX fsnTdAT 4 0I9ZXT = [T]gzou
loz02ZAT x snTdxT = [T]lTZoU
fsnuTwAT ¢ snfdxt = [T)gTdoaou 10192AT yx 0132XT = [(T]oZOU
{snuTWAT 5 0I92ZXT = [T]p1dolou
{SNUTWAT 5 SOUTWXT = [T].1do3ou ! ( (oxozx-snTdX) 4 (SNUTWX-sOTAX) ) / ( (0T8ZX-AX) « (SOUTWX-AX)) = snTdAT
10292AT 4 snutwxy = [T}lgrdojou ¢ ((sSnTAX-0I9ZX) x (SDUTWX—0102ZX) ) / ( (SNTAX-AX) 4 (SNUTWX-LAX)) = OAIZAT
foxezAT y suTdxT = [T]TTdO3oU ¢ ((snTdx-snNUTWX) x (0IDZX-SNUTUX) ) / ( (SNTAX-AX) x (0I92ZX-AX)) = SNUTWAT
10x0zAT x 0392XT = [T)oTdo3doU
! ((ox9zX-snTdX) 4 (SNUTWX-SNTAX) ) / ( (0TIZX-XX) 4 (SOUTWX-XX) ) = sSUTAXT
! (oxozA-snutuk) / (039ZK-£X) = SNUTWAT £ ((snTdX-0I92ZX) x (SNUTWX-0I3ZX) ) / { (SNTAX-XX) x (SNUTWX-XX)) = OTIDZXT
¢ (snuTwA-0a9zk) / (snuTwh-4A%) = 0x8ZAT 2 ( (snTdxX-sSnUTWX) 4 (OIDZX-SOUTWX) ) / ( (SNTAX-XX) x (OTBZX-XX)) = SOUTWXT
! ((0a9Z%-snTdX) ¥ (SNUTWX-SNTAX) ) / ( (0TDZX-XX) x (SNUTWK-XX) ) = snTdxt IXTe3Top / 3 earep « [T)zAo® - ozezx = £Ax
£ ((snTAX-0I92ZX) ¥ (SNUTWX-0IDZX) ) / ( (SNTAX~XX) x (SAUTWX~XX) ) = OISZXT IXTe379p / 3 BITOP x [T1ZX0® - 0I82X = XX
¢ ( (snTdX-SNUTWX) y (0TDZX-SNUTWX) ) / { (SNTAX-XX) 4 (0IVZX-XX)}) = SOUTWXT
IsnuTwAT » snTdxT = [T]8ToU
IX7e3Top / 3 eatep » [T}T1h0o8 - oxezx = Ax fSNUTWAT x SNUTWXT = [T]LTOU
IXTe3Tep / 37elTep x [T]TX09 - 0I9ZX = XX fsnTdAT 5 snUTWXT = [T]9ToUu
tsnTdAT 4 snTdxT = [T]GTOU
isnTdAT » SNUTWXT = [T])9Z3oqou {snuTWAT y 0x92XT = [T]HIOU
snTdAT 5 snTdxT = [Tlgz3oqou 1019ZAT x SDUTWXT = [T)ETOU
1019ZAT 4 SOUTUXT = [T]gzaiaogou isnTdAT 5« 0x92XT = [T]lZTOU
isnTdAT x 0I°zZXT = [T]Zzaioqadou tox0zAT 4 snTdxT = [T]TII0oU
10392AT » snTdXT = [T]T1Z30oqou 107292AT s 0I32XT = (T]0IOU
1029zAT 4 0a9zZXT = [T]0Z3oqou
! ((ox9zx-snTdX) 4 (SNUTWX-SNTAX) ) / ( (0T92X—-&X) 4 (SNUTWX-AX)) = sNTIAT
! (oz9zh-sn1dk) / (0122h-£Ax) = snTdAT £ ((SNTAX-0IBZX) x (SNUTWX-0IBZX) ) / ( (BNTAX-AX) « (SOUTWX-EX)) = OABZAT
¢ (sn7dhk-0a1924) / (sn1dh-Ax) = oa8zAT £ ((SNTAX~SNUTWX) x (OTSZX~-SOUTWX) ) / ( (BOTAX-AX) x (0T92ZX-AX)) = SOUTWAT
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{snTdAT « SDUTWXT = [T]gTnu {019ZAT s SUUTWXT = [T]glnu
fsntdAT » SnTdxT = [TlgInu fsnTdAT x OI9ZXT = [TlzTInu
{sNUTWAT 4 OISBZXT = [T]pInU {0x9zZAT x snTdxT = [T]TIDU
20392AT 4 SDUTWXT = [T]gTInu 10392AT x OIB2XT = [T]QIOU
fenTdAT 4 ©0I92XT = [TlzInu
10392ZAT x SOTdXT = [T]TInu (ozezA-sn1dR) 4 (snutwA-snTdA) ) / ( (0192K-£X) 4 (SOUTWA-AX)) = sardA
10282ZAT x ©I92ZXT = [T]OoTIOU (sn1dA-0a024) x (sSnuTWA-03924) ) / ( (SNTdA-&x%) x (snUTWA-LX)) = ox82AT
! ((snTdA-snuTtwA) x (0x02ZA-snutwi) ) / ( (snTdA-AX) x (029ZA-AX)) = snUTWAT
! ((oz9zh-snTdi) 4 (snuTWA-snTdA) ) / ( (0x9ZR-AX) 4 (SnUTWA-AX) ) = snTdAT
¢ ({sa1d&-01924) 4 (snuTWA-01924K) ) / ( (snTdA-AX) x (sSnUTWA-AX)) = 039zZAT (0z0zX-snTdX) 5 (SAUTUX-SNTAX) ) / ( (OTDZX-KX) x (SOUTWX-XX)) = snTdxT
¢ ((snTdA-snutwk) « (0Z9ZA-snuTwi) ) / ( (SnTdA-£AX) 4 (0x02A-AX)) = SNUTWAT (sNTAX-0I92X) 4 (SOUTWK-0IDZX) ) / ( (SNTAX-XX) x (SNUTWX-XX)) = OIDZXT
¢ {({SNTAX-SNUTWX) x (0I9ZX-SNUTWX) ) / { (SNTAX-XX) x (0IDZX~-XX)) = SNUTUWXT
! ( (ox9ZX-snTdX) x (SOUTUX-SOTAX) } / ( (OTIDZXR-XX) x (SNUTUWX-XX)) = SNTAXT
! ((snTdX-0I9ZX) x (SOUTWK-0IVZX) ) / ( (SNTAX-XX) 4 (SOUTUWX-XX) ) = OISZXT {xTe3Top / 3 eaTep x [T1TA28 - o309z = Ax
¢ ((sSNTIX-SNUTWX) 4 (OIDZX-SOUTWK) ) / ( (SNTAK-XX) x (OIDZX-XX)) = SOUTWXT IXTe3Tep / 37 3Top x [T]11X0® - snidX = XX
1=T
ixTeqTep / 37 eaTep x [T]TA0® - snutwhk = Ax
IXTe]Tep / 3 e3TOp x  [TIIX0® - 0Ie2ZX = XX 1000°T = satdk
1p=T 1000°0 = oxazA
1000 T- = suuTwh
{snuTWAT x» sSn7dxT = [T]ginu
fsnuTWAT » SDUTWXT = [T]LInU 2000°T = snydx
{snTdAT » snuTwxT = [TloTnu 10000 = oI82X
{snTdAT «  snrdxT = [TlgTNU {000 T- = snuTux
{snuTWAT x OIVZXT = [TI]§TNU
{019ZAT x SNUTWXT = [T]gnu {
{snTdAT 4 ©0I9zZXT = [T]zinu
{0192AT x sSnTdXT = [Tliinu IsSnUTWAT 4 SNUTWXT = [T]zzaubtaou
{ox92AT x» oO0a92XT = [T]QTOU 1019zAT 4 snuTwXT = [T]€Zaubtaou
fsnTdAT 5 snuTuxT = [T]9Z3ubraou
! ((oaazh-snTdA} x (SnuTwA-sn{di) ) / ((039ZA-£X) « (SNUTWA-AX)) = snTdAT fsnUTWAT » OX9zZXT = [T]lpzaubraou
¢ ((snTdA-0a0924) x {(snuTWA-019Z4) ) / ( (SNTdA-AX) x (SNUTWA-AX)) = 0I9zZAT 2snTdAT x 039zZXT = [T}zzaybraou
¢ ((snTdA-snuTwA) 4 (039ZA-sNUTWA) ) / ( (SNTIA-AX) 4 (0X9ZA-AX)) = SnUTWAT 1019ZAT 5 0x92XT = [T]0Zaubtaou
! { {oz8ZX-sNTdX) 4 (SNUTWK-SOTAX) ) / ( (OTIZX-XX) x (SNUTWX-XX)) = snTdXT ¢ (0I2ZX-SNUTWX) / (OXDZX—XX) = SOUTWXT
£ ((SNTAX-0IIZX) 4 (SNUTWX-0IB2ZX) ) / ( (SNTAX-XX) x (SAUTWX-XX)) = OIDIZXT ? (SNUTWX—-OIIZX) / (SNUTUX-XX) = OIDZXT
£ ((snTdX-SNUTWX) x (0OX9ZX-SNUTWX) ) / ( (SOTAX-XX) x (OTIDZX~XX)) = SNUTWXT
! ((oxz@zh-snTdA) x (snuTwA-snTdA)) / ( (0322&-AX%) 4 (SNUTWA-AX)) = snydAT
{x"e37ep / 3" e3Tep x [T]TAoe - ozezhk = Ax ¢ ((snTdA-oaezk) 4 (snutwh-0102zK) ) / ( (SNTAA-AX) 4 (snUTWA-AX)) = oxezAT
IXTe3Tep / 37e3ITOP x [T]TXD0® - SNUIWX = XX ¢ ( (snTdA-snutwk) 4 (0x9zZA-snuTwA) ) / ((SnTIA-AX) 4 (0292K-AX)) = SnuTWAT
fg=1
ix"eqTep / 37e3T9P » [Tlzhoe - oxezx = Ax
{sSNUTWAT x saTdxT = [T]gInu {XTe3Tep / 37e3TeP x [T]1ZX0® — OX9ZX = XX
ISNUTWAT 4, SOUTWXT = [T)LT0U
fsnTdAT 4 snuTWXI = [fl9Inu ISnUTWAT 4 snuTuXT = [T]sT13ybrtaou
!snTdAT 4 soardxT = [TlgTnu {0292AT x SnUTWXT = [T]ETIubraou
ISUUTWAT 4 OIZXT = [T]pInU 2snTdAT x snuTwxT = [T]9T3ubraou
2019ZAT » SNUTWXT = [TleInu {SNUTWAT x OI9zXT = [(TlyT3uybraou
isnTdAT « ©0I22ZXT = [T]lzZInu fsnTdAT x 0x92XT = [T)zZTauybtaou
{0192AT x sSnTdXT = [TlrInuU 1029zAT 5 0292XT = [T]0T3IUdTIOU
10192AT » 0I9zZXT = [TloInu
! (oz92ZX-SnIUTWX) / (OIDZX-XX) = STUTWXT
£ ( (0x02&-snTdR) 4 (snuTwA-snTdA) ) / ( (0x92zh-AX) 4 (SOUTWA-AX)) = snydAT { (SNUTWX-0IIZX) / (SNUTWX-XX) = OIDZXT
! ((snTdhk-0a9zK) 4 (snuTwWA-0a82zK) ) / ( (SNTdA-AX) 4 (SNUTWA-AX)) = 0a924T
¢ ((snTdA-snuTwA) 4 (ox9zA-snuTuwk) ) / ( (snTdA-AX) y (0702ZA-Ax)) = snuTwAT ¢ ((oxezh-sn1dk) 4 (snuTwA-sn1dA) ) / ( (0292&-Ax%) 4 (SOUTWA-AX)) = snTdAT
! ((sn1d&-01082K) 4 (snUTWA-0a0ZK) ) / ( (SNTAR-AX) 4 (SNUTWA-AX) ) = OIDZAT
2 ((0792ZX-SNTdX) 5 (SNUTUX-SOTAX) ) / ( (OTIDZX-XX) x (SNUTWX-XX)) = snTdxXT ! ( (snTdA-snuTwk) 4 (0x0ZA-snuTwWA) ) / ( (SNTAL-A%) 5 (0382ZK-£AX)) = snUTWAT
£ ((snTdX-0I9ZX) 4 (SNUTWK-0IDZX) ) / ( {(SNTAX-XX) x (SOUTWX-XX)) = OIDZXT
£ ((sSnTdX-SNUTWX) x (0Z9ZX-SNUTWX) ) / ( (SNTAX-XX) x (OTDZX-XX)) = SOUTUXT IXTeqT9p / 37eaTep x [T]11h02 - 039ZX = AX
!{XTe3Tap / 3 eaTep x [T]IX0® - 0I8ZX = XX
{XTelTep / 17 e3Tsp « [(T]1Tho® -~ snidk = Ax
IXTe3TIsp / 3 e3TOP « [TIIXD® - 0OI3ZX = XX isnuTwAT x OI9ZXT = [Tlpzarerou
1z=T {071092AT x 0192ZXT = [T]l0z3azoTou
2snTdAT x 0792ZXT = [T]1ZZ3ISTOU
fsnuTwdAt x SNTAXT = [T]gIinu fsnuTwAT x snTdXT = [T]8Z3F8TOU
!snUTWAT 4 SOUTUXT = [T]LInU {0192ZAT 4 surdxT = [T]TZ3FoToU
{sn7dAT x SNUTWXT = [TlgTnu !snTdAT « snTdXT = [T]SZ3IFOTOU
isnTdAT x sOTdXT = [TlgInu
{snuTwAT 4 ©0I9ZXT = [T}pInu ! (oa9zx-snTdx) / (OI92X-X%XX) = snTdx{
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ixTe3rep / 37 eaTep x [TlzhAoe - oaezhk = Ax

{xTe3Tep / 17eaTdp « [T1ZX0® - SOUTWX = XX {snuTWAT » SOTAXT = [Tlginu
fg=T ISNUTWAT x SOUTWXT = [TLTnU
fsnTdAT x sautwxT = [T]olnu
!suuTwAT x snTdxXT = {T]lgzuu IsnTdAT x snTdxT = [T]lgTInu
!snuUTWAT 5 SOUTWXT = [T}LzZnu isnuTWAT x OIVZXT = [T]pInu
1snTdAT , SNUTWXT = [T]9znu 10392ZAT 4 snUTWXT = [T]EgInu
isnTdAT x  snpdxT = [Tlgznu {snTdAT x O0I92ZXT = [TlZInu
fsnUTWAT x OI9ZXT = [T]pgnu 10292AT « SuTdXT = [T]1TnU
{019ZAT x SnUTWXT = [T]lgznu {019zZAT x» ©OIBZXT = (TlQInU
isnTdAT 4 o0a92ZXT = [TlZZnu
102092AT x snTdxT = [T]TZnu ! ((oxezh-snTdA) x (snutwh-snTdA) ) / ( (0182&-£X) x (SnUTWA-AX)) = snTdAT
20322ZAT 4 OIDZXT = [T]pznu 2 ((snTdA~010824) x (SNUTWA-01024) ) / ( (SNTAA-AX) x (SNUTWA-LX)) = 0I22ZAT
! ((snTdA-snuTuk) 4 (0x0ZA-snuTwA) ) / ( (SNTAA-AX) « (019ZAK-AX)) = SNUTWAT
! ((oxozh-snTdA)  (snuTwA-snTdA) ) / ( (0x9ZA-AX) y (SNUTWA-AX)) = snTdAT
! ((snTdA-0x82K) x (snuTWA-01324K) ) / ( (snTdA-AX) x (SNUTWA-AX)) = 0I92ZAT £ ((0x02ZX-s0TdX) 4 (SOUTWX-SNTAX) ) / ( (OXIIZX-XX) x (SOUTUX-XX) ) = sNTAXT
¢ ((snTdA-snuTwk) 4 (0x9ZK-snutwk) ) / { (snTdA-AX) 5 (0292&-AX)) = SOUUTWAT £ ((SNTdX-0IDZX) 4 (SNUTWX-0ID2ZX) ) / ( (SNTAX—XX) 4 (SOUTWX-XX) ) = OASBZIXT
! ((SNTAX-SNUTWX) 4 (OIDZX-SNUTWXK) ) / ( (SNTAX~XX) 5 (OTDZX-XX)) = SOUTWXT
1 ( (0x02ZX-8NTdX) x (SNUTWX-SNTAX) ) / ( (OTSZX—XX) x (SOUTWX~-XX) ) = sSOTAXT
! ((snTdX-0292X)  (SNUTWK-0IDZX) ) / ((SNTAX—XX) 4 (SAUTWX-XX) ) = OAIZXT {X7eqTop / 3e3Tep x [T}Tho® - snutwk = Ax
{ ( (sSNTAX—SNUTWX) y (OIDZX—-SNUTWX) ) / ( (SNTAX-XX) x (0IBZX-XX)) = SOUTWXT IXTe3Tep / 3 B3TOP » [T]IX0® - SOUTUX = XX

=1
IX"eaTep / 3 e3Tep « [T]}ZAoe - snydik = Ax

1

IXTe]Tep / 37 elTOP x [T1ZX0® — 0I9zZX = XX fsnuTwAT » snTdxT = [T]gTNU
iz=T fsnuUTWAT 4 SNUTWXT = (T]LI0U
{sn1dAT » snuTWXT = [T}loTnu
fsnutwAT x« snydxy = [T]gznu {snTdAT 4 snTdxT = [TlgInU
fsnuTWAT x SNUTWXT = [T]LZnU ISNUTWAT 5 ©0J92zXT = [T]pTOU
1snTdAT x SOUTWXT = [T]9zZnu 107092AT x SOUTWXT = [T]leTNU
fenTdAT 4 soTdxT = [T]lggnu !snTdAT 4 o092ZXT = [T]ZInu
IsnUTWAT 4 OXS2ZXT = [T)lpgnu 1079zZAT « sUTAXT = [T]TInU
1039ZAT x SNUTWXT = [T]gznu {oz9zAT x o039zXT = [T]loInU
fsnTdAT x» ©0a22XT = [T]Zznu
20192AT x» SnTAXT = [T]izZnu 2 ((0xezk-sn1dk) 4 (snuTwh-snTdA) ) / ( (032ZL-4X) x (SnuTWA-AX) ) = snTdAT
fox9zAT » oOx92ZXT = [TloZnu ¢ ((snTdA-0192zK) 5 (snuTWA-0a02K) ) / ( (SNTA-AX) « (SNUTWA-AX)) = 038ZAT
(( /<

snTdA-snutuwi) 4 (0x9zA-snutwk) (snTdA-AX) x (0192K-£%X)) = SnUTWAT

/
/
/
/
/
/

2 ((ox9zA-snTdR) x (snuTwA-snTdA) ) / ( (0I382ZA-&X) 4 (SNUTWA-AX)) = snTdAT
! ((snTdA-0a02zR) y (sSnuTWA-0a324) ) / ( (snTdA-LX) x (SNUTWA-AX) ) = 0IDZAT £ ( (0z92X-5NTdX) & (SNUTWX-SOTAX) ) / ( (OTIZX-XX) & (SNUTWX-XX)) = SOTAXT
! ((snTdA-snuTwA) x (0x9zA-snuTuwi) ) / ( (snTdA-AX) x (0z0ZA-AX)) = snutwA £ ((snTdX—0IBZX) 4 (SNUTWX-0TD2ZX) ) / ( (SNTAX-XX) x (SAUTUWX-XX) ) = O0IVZXT
1 ((snTdX—-SNUTWX) 4 (0OT9ZX-SNUTWX) ) / ( (SNTAX-XX) x (0TDZX-XX) ) = SNUTWXT

! ((0z9zZX-8sNTdX) 4 (SOUTWX-SNTAX) ) / ( (OTDZX~XX) 4 (SNUTUX-XX)) = snTdxT
2 ((snTdX-0Z2ZX) x (SNUTWK-0IDZX) ) / ( (SNTAX-XX) 4 (SNUTWX-XX) ) = 0IIZXT . IxTeqTep / 3 e3ITeP x  (T11409 - snidh = Ax
? ((sSnTdX-SNUTWX) x (OXVZX-SNUTUX) ) / ( (6NTAX-XX) ¥ (OXDZX-XX)) = SNUTWXT IXTe3Tdp / 1 e3TeP » [T)IXO0® - snutmx = XX
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+ [p1T313su & [[¥]€aulpTd + [p)23TISU & [Y]P13 [%]1%133 £{8]T3zsU » [[3]9aulge3 + [glaazsu « Hﬁxu~>cummu
+ [glragsu » [[%)eaulgzT + [8ladzsu » [d182F [%)8z33
f[g)aqrasu x [[4)8AU)ETT + [€]TATISU x [[AIPAUIETT
+ [€laatasu » [[A)TAUIETT + [€]TATISU « ([H)ETF = [Ale13s {[L]xagsu « [[a1GAu)rzy + [L]T3Csu » [[]cgaulLeZ
+ [L)xqzsu » [[d)1aulzzy + [LlTAzsu x [%4]1L23 = [Alez33
f[glaqisu x [[3)gau)zTT + [2lx3TSU « ﬁﬁx_ﬁ>=umﬂu
+ [zltatsu « [[f)lpaulzIT + [Z)T3TSU x [¥]213 [%12133 t{9)aqzsu » [[A)8au)ozz + [9]aazsu » [({¥])1AU}9ZT
+ [91Tazsu » [[d1vaulozy + [9)TIgsu « (%]1923 = [dl9z3z
{[1]29TSU » [[N]pAUJTTI + [T)TATSU » [[Y]LAUITTZ
+ [T1T3Tsu » [[%1€AulTIZ + [T]I3TSU x [AITTT = {y)1133 ‘[glaqzsu » [{A)paulgzy + [glTgzsu » [[]LAulSZ3
+ [gl1agsu » [[Aleaulge3 + [Glaagsu x [H]62F = [a)ge3s
{3)ot3 = [4)ot133
1z osen f(plTagsu « [[A)9aulpzy + [p]a3Zsu « [[A1ZAulpZ3
+ [plTagsu » [[A)eaulpzs + [plaqzsu x [q]1vZ3 = [Alveas
iyeaaq
f[8113zsu » [[x]9aulgey + [8laagsu » [[d]zAulgzl f{gla3zsu « [[A)gaulezT + [€£]1T3ezsu » [[Alzaulezz
+ [8lTqesu x [[Aleaulgzy + [8laqzsu « [A]82F = [118233 + [glaazsu » {[A]TAulez3 + [€lTazsu » [yleeF = [A)€z33
f(L]aagsu « [[a1Gaulies + [L)T3azsu » [[3]zauliz3 f[zlaqzsu « [[¥]8au)gzy + [2]xazsu x [(x]TAulze3
+ [Llaqzsu 4 [[y)TAulrzy + (L)TAgsu « [A]1LZT = [¥lre3z + [gl1azsu « [[dlpaulzey + [Z1T3gsu « (31223 = [%)zezas
{[9]1T13zasu x [[%]19aulozy + [9]x3zasu « :v:Na:mNu ![T)aqzsu « [[A)paulTZT + [TlTazsu » ([d)Laulte3
: + [9ltqzasu « [[Aleaulgezs + [9laqeasu » [%}9e3 [1]19233 + [1l13gsu » [[AlgaulTe3 + [(Tlaagsu « [A1123 = [Al1233
f[g)aagasu » [[x]Ggaulgezy + [S]Tazasu « [[d)zaulges %1023 = [A10233
+ [g)aqzqsu « [[ylTAulgzT + [SlTAzasu x [A)ged = [¥%]sz33
{[8113TSU » [[¥]9AU)8TI + [B]IITSU « H_xum>aumau
f{plTIZsU » [[N]9aulpe3y + [P)I32ZSU » [[A]zAulpe3 + [gl1arsu « [[3]e€aul8T3y + [8laqisu x [J]8TF [x18132
+ [p)Tazsu » [[A)eaulpzy + [plaagsu » [¥]1p23 = 1vess
L) aatsu x [[X]}GAUlLTT + [L]1TITSU « :u:NELZu
f[g]aagsu » [[A]Gaulezy + [€]TIZsu » [[AJzauleed + [L1aqisu » [[AITAUILIS + [L1TGTSU » [H1LTF (%1133
+ [glzagsu x [[A]l1aulezT + [€1Tqesu » [H]l€z3 = [dlez3z
{[9)aqisu « [[¥])8AU]9TI + [9]XITSU « Hﬁguﬁ>:umau
f[2)aazqsu » [[A]saulzzy + [Z)T3azasu « [[3d)zaulezs + [9ltatsu » [[A)paul9TI + [91TITSU » [A]19T3 319133
+ [zlxqzasu . [[yITaulges + [glrazasu « [Y]1z23 = [%lze3z
: f[glaqrsu x [[A1paulGeTI + (G)TATSU » [[3]LAUIGTI
{[1]3a3zasu » [[X]zaul1zy + [1)T3zasu « [[A19Au}TZZ + [S1T3TSU & [[X1€AulGTI + [G]IATSU x [H]IGTI = [¥}st1a3
+ [1l1qzasu » [[Aleaultes + [1)laqzasu x [A]11E3 = [%)1233
[P)TITSU & [[A]9AUIBPTI + [#]IITSU & __xumpcu¢ﬁu
{[q10zx = [%)0z33 + [plTarsu » [[A]eaulp13 + [plaqisu x [A1PIF [%1v133
f[8)TaTSU & [[%)9AU]8TT + [8]IATSU hmxum>cuwﬂu 2{glxatsu x [[A1gAul€T3I + [£]TITSU » [[X]ZAUIETZ
+ [8ltatsu « [[Aleaulg8TT + [8laqisu x [A]18TF [1]18133 + [g]aqisu » [[AJTAUIETT + [€)TATSU x [AIETT = [¥)e13z
{{L)xatsu x [{A)cau)LiT + [L]ITITSU « Hﬁxuu>:_pﬂu f[zlaqrsu x [[A])8au]ztI + [2laaTsu x [[A]TAUIZIZ
+ [Llaqisu » [[A])TAU]LIT + [LlTATsu » [A]1L13 [%1.133 + [zltarsu » [[¥])pau]ZI3 + [21TITSU » [A]12T3 = [Ale133
[9)T3tqsu & [[3]9au)9TF + [9)IaTASU & Hﬂxu~>cuwﬁu f(tlaqrsu x [[A]pAUITTIT + {T)TATSU « ([A]LAUITTZ
+ [9ltarasu « [[A1€Aul9oTs + [9]laqrasu « [3]19TF [A19133 + [T11318U & [[X]1€AUITTIZT + [T)ITSU » [H]ITIF = [M)1133
${g]aatasu x [{AJGAUIGTT + [G)TITASU « [[A)gAulgiF . {xlot13 = [x]0133
+ [glaqrasu x [[A)TAUlGTI + [S)TATASU « [AIGTI = []§133 iQ osed )
IpITITSU » [[A]9AU]PTT + [FP]IITSU & Hﬁxua>:uvﬁu ({3] opow~Axepunoq) yoITAs
+ [plTaisu & [[A]eaulpTT + [plxAIsu » (Y1913 [X19133 }
(++) {TTETSOpouus>y {0=3)I0F
{(e)aaTsu x [[A)GAU)ETT + [E€]TATSU « Hﬁxum>a_mﬁu Y JuT
+ [€lagrsu » [[AITAUIETT + [€)TQTISU « [AIETI [¥letaz }
(PTOA) I9ST pPTOA
{[z]aatqsu » [[A)Sau)ZTI + [Z)T3TAsu x [[A)eaulets
+ [Zlaqrasu. x [[A]1TaulZI3 + [Z)Td19su » [3)etd = [Alz133 ( {
£[1]33TasU x [(A]ZAUITTIT + [T)TITASU « Hﬁx_m>=uﬁﬁw /%
+ [Tltatasu « [[A)€aul 113 + [Tlaqrasu « (AITTI ) T133 $([A)02F (AIOTI‘A’I9IT 'L U\D%=2F 9%=13 DP%=X u*uumuﬂ.kucﬂu%
0==%) 3T
{31013 = [A10133 «/
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+ [TlxagzTsu x [[A)TAUlTEZI + (T)T3ICTSU » [A]TZ3F = [x11233
flslaqzsu x [[A]paulGzy + [S]Tagsu » [[A]LAU)GZT
+ {g1T13zsu x [[A)eaulgzy + [glaazgsu « [H)gZF = [3]1g233 f04)ozF = [%]0233
fplTaesu « [[Y)9aulpzs + [plaagsu » [[Alzaulpzd 2[8laqrTsu 4 [[A)8au)8IF + [8I1TATTSU » [[X])pAulglF
+ [plTqzsu « [[q)€aulpzy + [vlaazsu « [A)p23 = [A]1pe33 + [81I3TTSU » [[Y])TAU)8TT + [81TITTSU » [X]8T3 = [%]8TIF
{lelTazasu x [[A)9aulgzs + [€la3gasu « [[AJgaulgzs f{L]aatsu 4 [[q]1GAu)LTI + [LITITSU x [[A)2ZAU]LIF
+ [glTazasu x [[y]e€aulezs + [g)laqzasu « [q)€eZT = [A1€2I3 + {Llaqisu 4 [[A)TAUulLTT + [LITATSU x [H]1LTZF = [%]LT33
f[zlTazasu x [[Y)Lau}zzT + [2)aqzasu . meuw>=_mmu {{9]aqrsu » [[¥]8AU)9TT + [9)I3TSU « [[H)TAUIOGTZ
+ [2l13gasu « [[d)lgaulzzy + [glaagasu « [lzeT [3Mlzz3z + {91Tatsu » [[Y]1pau)9Ty + [9]TITSU « [A]913F = [%]9133
flt)xagsu x [[q)pau)T2F + [T)TAaZsu « [[x)Laulies 2{G]xaTTSu & [[A)GAU)STT + [S)TATTSU & [[d1gAulstil
+ [T)T3zsu x [[y)eaultzy + ([T]a3gsu « [d}T2ZF = [%l1233 + [S]aqrisu « [[A]1TAUlSTI + [S)TATISU « [H]1GIF = [%]GT133
{[%)oz3 [%)ozFz LR} aTTSU » [[A]GAU)HTT + [P)TITTSU « [[A)ZAUIPTIZ
+ [plaqrTsu x [[A]1TAUl%TT + [P1TATISU « [A)1%T3F = [%]p133
flglTatsu » [[]9au]8TT + [8}I3TSU & [[3)ZAU]BTLZ
+ [gl1atrsu x [[a]caulg8iy + [8laqisu x [A]8TF = [A]18133 {[gladtsu » [[AIgAU)ETT + [€)T3TIsU & [[A)zZaulely
+ [€laqisu » [[Y)TAUlETT + [€1TATSU » [Y]ETI = [xle13z
drltatasu x [[A)LAU]LTT + [L)xqrasu « [[AJpaulLTd
+ [LlT3tasu x [[qleaul LT3 + [L]la3rasu . [H]LT3 = [A1L133 {[zlaqrsu « [[¥]gaulg1F + [2Z]aaTsu « [[A]TAUIZIZ
+ [zlTatsu « ([A)paulzTF + [2IT3TSU » [A12Z13 = {312133
f[9]T3tasu x [[¥)9Au)9TT + [9)aaTasu « [{Y]zau]9oiz
+ [9]TAqTasu x [[]gaulotTy + [9laqrasu x [%]1913F = [%}1913F {T)aqTTsu » [[%)}8AU]TTT + [TITATTSU « [[Y}pAulTl3
+ [T1a31T8u & {[X1TAUITTT + [TITITTSU x [AITTT = {11133
fglxqrsu » [(q)paulgTI + ([S]TATSU « [[3]Laulgiz
+ [61T3tsu » [[A)eaulgTy + [GlI3TSU 4 [NIGTJ = [%ls133 {[xJ01F = [A]0T3F
1g aseo
2[F)TaTSU » [[M]9au)$TT + [p]1a3TSU » [[Y])ZAUIDTZ
+ (pl1arsu « [[y]€aulp13 + [plIqisu « [A)PTF = [Mlvtas iyeaxq
{lelTatasu « [[Y)9auleTlT + [gladtasu x [[AIzauleld {[glaqzisu » [[3])8au]gzy + [8)TAzasu » [[}]paulger
+ [elTatasu x [[q]eaul €Ty + [€laqrasu « [H]ETF = [A]€133 + [8lxazasu » [[x)TAuUlgezT + [81T3Z3su x [¥]8Z3F = [x)ge3z
f[zlTatasu x [[A]Lau]21T + [2)aqrasu « [[Y]paulzZid f[Lltazasu x [[A]Lau)ezy + {L)aqzasu x [(({A1paulL2s
+ [2]1Tatasu « [[xleau)egrs + [Z)lratasu « [A)21F = [Y)2133 + [L)13gasu x [[Y)leaulegs + [L)x3gasu  [H)L2ZT = [%1L233
{[1]aqisu x [[4)paul 113 + [T]1TAISU » [[Y]LaulTiZ {[9]aqzsu » [{Algaul9ezy + [9]a3zsu s [[q]TAuloZF
+ [T1T1318u » [{d]€aulTTF + (T]I3TSU » [AITTIZ = [{11133 + [9lTazsu « [{A1paulozz + [9]T3IZSU « [A]9ZF = [xl9z33
{04]013 = [(A)0T3Z {[glaqzsu » [[X])paulszy + [G)lTazsu « [[A]Lau)gZT
1y esed + [S)T3gsu « [[Algaulgey + [Glaagsu » [N]G2F = {3lsez3iz
iyeaxaq f{plTazasu « [[y)crau)per + [pladzasu « [[A]paulpzy
+ [#1T1323su » [[Al€aulpz3 + [Pla3Z3asu x [A)p23 = {Alp233
f[8JxqzTsu » [[A]8AU)BZF + [8]TAZTSU x [[A)paulgz3
+ [8lxazTsu » [[Y]Taulgzy + [8]T3IZTSU » [A)82Z3 = [A]8z33 felaqzisu x [[A)gaulezT + [€]lTazasu x [[Alpaulezy
+ [€lxagasu x [[A)Taulezy + [€]T3IZISU » [Y]EZT = [%lez33
f[r)aagsu 4 [[d)gau)LzF + [L]TIZSU « meum>=uhmu
+ [Llaqzsu x ([y)TAulrzy + [LlTazsu « [H1LZ3 [d1c233 f{zlaqesu , [[y)8au)zzy + {zlaagsu x» [[3]1aAulzez3
+ [gltazsu s [[A1paulzz3y + [2)TIZsu x [Y1zZz3 = [%]12233
{{9laqzsu x [[A]18aul9zF + [9]x3Zsu & [[A]TAul9ZT
+ [91tagsu » [[Alpaulozy + [9)T3Zsu x [Y]9ZF = [%l9z33z f[1lxqzsu x [[A]pau)12F + [T)TAZSU » [(3]LAullCZy
+ [11T3zsu « [(x)Jeaulizy + [T]x3gsu x [A]123 = [A]1233
f[g)xagtsu « [[q)gaulgey + [S)TIZTSU « [[3]zaulged
+ [G)xqzTsu x [[A]TAU]GZT + [G)TAETSU « [%]GZT = [jlsz3z )0z = [A10233
{plaazTsu « [[q}GaulpzF + [$]1TIZTSU « meuu>cuvmu {fglaqrasu » [[A])8au)8TF + [8)TATISU « [[A)paAulgty
+ [plaqzisu » [[A)TAUIRZT + [P]1TAZTSU » [A1%23 [1ve3z + [81x31T3su 4 [[A)TAU)STI + [8]1T3ITISU « [H]8IF = [{]813F
{lglargsu 4 [[d]cau)ezs + [€lTagsu » [[flzaulezs d[eltatasu » [[A)eau)L1F + (L)aqrasu « [[A)paul LTl
+ [elaqgsu « [[d)lTAuU)EZT + [€lTdgsu « [3]e€zZ3 = [%lgezsz + [LIT313sU » [[AJ€AU]LTT + [L]I3ITISU & [A]LTF = [AIL13F
{{z)aqzsu » [(y)8au)zzy + [2)aazsu _quﬁ>:ummu {l9laqrsu » [[%]8AU]9TT + [9)I3TSU & [(Y]}TAUIITZ
+ [2l1azsu » [[A)paulzzy + [Z)T132su » [Y)zzZ3 {%12233 + [9ltatsu « [(%1paulgT3 + [9]1T3ATSU » (%1913 = [%]19133
{{tlaqgTsu « [(A)BAu)TZ3 + [TlTAZTsu x [[X)pauliczy flglaaisu x [[X)pAulGIT + ([SITATSYU » [[¥]1raulgTl
0g obed , ; o'siglom 1081 6661 0g Unf 62 ebed 9'S|619M +0:8} 6661 02 unp
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+ [L1xazTu « [[A)TAUILZT + (LITAZTU » [%1LZ3 = [4)ez33
flzlaqriu « [[d)8aulzis + [Z2]23TTU » [[A)TAUlZIZ
+ [Z1TarTu « [([A]1paulzTI + [ZITITTU « [A]12T3 = [¥)2133 t[9]aqzTu » [[A)8Aulozy + [9]aagTu » [[3]71AU]9ZI
+ [9ltqztu » [[A1paulozy + [9]1T3ZTU » [AJ9CF = [%19233
fT)aarTy « [[A1pAu} T3 + (T)TATTU & [(X]LAU]TTZ
+ [TIT3TTU « [[x)1€aulTTZ + [TIX3TTU » [A)TIZ = ({11133 f[glaqzTu & [[A)vaulgzy + [g)TAzTu » [[d]riaulces
+ [s113zTu « [[Algaulgey + [Glx3zTu x [A]lS2F = [Alsz33
{0310tz = [A10T33
1z osed {p)TIZTU « [[d}9aulwbel + [plaa2Tu » [[Y]TAUlpET
+ [pltaztu « [[A)€aulpzs + [plaqziu « [MlveF = [A]1y233
Ieaaq
[g]TazTu » [[X]9auUl8Z3 + [B]IITTU « Hﬂgum>cummw f[e)xazTu » [[N1cau)gzI + (€]Taz2Tu » [[A)cauleed
+ [gltaztu » [[%lcau)ges + [BlaazTu « (%1823 (318233 + [glaqzTu » [[A1TAUlEZT + [€1TQRTU » [AI€CF = [A]l€z33
ffelaagTu » [[d)eaulizy + [L)T32Tu » [[X]2auliza flz)aqzTu x [[¥18aulzz3 + [2lazgru » [[Y]Taulezes \
+ [L12qz2Tu » ([A]TAUlLZT + [L1TO2TU x [X]1L2Z3 = [A1L233 + [zltaztu « [[A1paulzzs + [2lT3zTu « [A122F = [Alez3z
f[9lT3zatu » [[]9aulezz + [9]aazdru » [[}%)zaulgozl f[t)xagtu « [[A)paulTzy + [T)T92TU » [[X]LAU]TZF
+ [9lTazartu « [[d]caulgzy + [9]1xqzZqTu » []1923F = [%19233 + [TlT3zTu « [[Algaul1Zy + [T)I32TU & [A1TC3 = [Al1233
1(g]x3zatu » [[A)GaulGes + [S]TI2qTU « ﬁﬁx_m>=ummu t{(a]og3 = (210233
+ [glaqzatu « [[3]1Taulges + [GlTozatu » [d16ZF [x1sz33
L8] TITTU » [[A]9AU}8TT + [8]1XITTU » [[d1ZAU]BTF
[p)T3ZTU » [[X]9aulpes + [plaazTu « [(A)ZAUIDEF + [81TatTu » [[Aicaulgly + [8]aqITU » [A]18TF = [%18133
+ [pltagtu » [[dleaulyezy + [p1aqzTu « [A1¥ET = [Mlvess
LL1IITTY & [[A]GAUILTI + [LITATTU » [[X)ZAUILIF
f{g)aagTu » [[A]Gau)ezT + [E€]TITTU « H_x_m>uummu + [L1aqTTu » [[M1TAUILTT + [LITATTIV » (ILTZ = [A]1L133
+ [glxagzTu « [(A]TAUlEZT + [€1T02TU » [X]1€2Z3F [¥lgzaz
109)2aTTU « [[A18AU]9TT + [9]IATTU » [(A)TAUIOTF
f[zlaagaru » [[¥]gaulzzy + [2)Taedru » [[A)zaulzezs + [9)TatTu « [[AIpAU]9TI + [91TITTU x [AI9TF = (319133
+ [glaazatu « [[d)Tauleges + (ZlTdzdatv « [X)zeF = [%)lze3z
[glaarTy « [[A1PAUIGTI + [SlTATTU « [[Aq1LaUlgGTZ
f{Tla3zatu  [[A)zaultes + [T]T32Aru » [[3)9auliey + [61T3TTu » [Dd]1€AUlGTI + [S1IITTU » [HIGTF = [q)g133
+ [tl1qzatu » [[A)eaulizs + [Tlxazaru « [X}123 = [A11233
JP)TITTU & [[A]9Au]pTI + [P1I3TTU » [[AIZAUIDTF
f03]l02F = [%10233 + [pl1attu « [[Al€aulp13 + [plaqriTu x [AIPTF = [y133
{81 TITTU » [[A]19AU)8TT + [8]IITTU ﬁﬁx_u>=umﬁu LIE]TITTU » [[%16AUIETI + [E1TITTU » [[AlzAuUlETF
+ [8]1TATTU » {[A)eaulgry + [81IAITU x [A18TF (118133 + [elaqrTu » [DA)TAUIETI + [€1TATTU » [N]IETF = [4le133
S[L)1TATTU & [[AISGAUILTT + [L)TITTU » Hﬁxum>=_>ﬁu [2)IqTTu « [[A]18AU]ZTI + [Z]IITTU « Hﬁguﬁ>cuuﬂu
+ [L1zarTu » [[N1TAULTIF + [L)TAQTTU » [XILTF [C 1A > + [Zltattu » [[A1pAulerd + [2ITATTU « [A12T3 [Aletaz
f19]T3Tatu » [[%]9au)9TT + [9]x3TATU » [[X)ZAU]9TF d{1laqriu « [[X)paulTTIZ + {TITATTIV = anu>>=uﬁﬁu
+ [9ltaratu » [[]1eaul9oTs + (9}xarqru » [J191F = (419133 + [TIT3ITTU » [[A)€aulTTd + [TITITTU « [AITIF X1T133
[6]1x31aTu » [[AIGAUIGTT + [S)TITATU « _ﬁxum>=_mau f[alot3 = [AJ0T3IF
+ [glzqraru » [[¥]TAaulGTF + [S1TATATU » [HIST3 1s133 10 osed )
SIPITITTU « [(A]9AU]HTT + [p]23ITTU » [[AIZAU]PTZ ( [y} epow~AxepUnOq) YOI TMS
+ [p]TaTTu » [[A1€aulpTI + [P1AQTTU x [AIPTF = [A}1p137 }
(+43 {TTEe sOpPOUUSY !(0=3)I0ZF
f[e1a3TTU & [[AJGAU)ETT + [E)TITTU » [[A)zAU]ETT 3 3uT
+ [glaqriu & [[A1TAUIETT + (€1TATTU » [AIETT = [Ale133 }
(PTOA)UTTT PTOA
{[z)aatqru « [[%]1GaulZzi3d + [Z2]T3ITATY « Hﬁxum>=_mﬂu
+ [glaaraTu » [[A]ITAUlZIZ + [21TATATU « [%)213 [%]z133 :
f(tlaatatu x [[A)2aul 113 + [T)Tatatu » [(34)9AulT13 {
+ [tltatatv « [{x1gaul1ly + [1lIqQraru » [AIT13 = (11133 {
iyesaq
{Jot3 = [(Mlot3z {[g)T3zsu » [[%19au)gzy + [8laazsu » [[A)zaulged
i1 @sed + [gltazsu » [[Aleau)lges + [glaazsu x [%1823F = [A18¢33
iyesaq f[L]1Tazasu « [[A)Lau]LzF + [Llageasu « [[A]pau)Les
f[8]T32Tu » [[%}9aulgzy + [8}aazTu x [[X)zAulge3 + [L)T3azasu « [[q)eaulres + [L]1x3gasu  [A]LET = [AlLe3s
+ [81TazTu » [[d)gaulgzd + [81IqZTU » [A)82F = [%)8233
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{ ne3o, ([X)gbou-[3]z3u) - [dlgIu = [Y]gIFu
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nejdy ([y]Lbau-[y] L3u) - [A]LIu = [{]LFFu }
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([[a)gaulogu - [%]9Fu) «» [9]x00 . gxpeabd -
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nelo. ([y)pbou-[y]p3u) - [A)pFu = [AIpIIU ¢ e3Tep / 3 e3T9P » poadso = Apeabo
f([[Aleaulggu — [AIgIu) » [£]X0d x gxpeibo - {x"eqTep / 37 e1TeP x Peadso = xpeiabo
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([ [1)paul9Iu ~ [[y)zaulogu) « [9]A0e 4 ZApeabo -

‘poadsd ITqnOp ‘nejl aTqnop ‘sseul TANOP) FJ0IPuUaM XeT PIoa fnejoy ([%]) obsu-~{3]oIu) -

. 000°% / ([[a)paulozu+([d]lzaulogu+[y]oFu+( (%] TauloFu) = [%]03FU
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iyesaq
iyesaq ([[A)paulgau - [[A)zaulggu) » [g)Aoe x zApeabo -
([ [s1paulgzu — [[¥}zau]gzu) » [8]AoS 4 zApeabo - ([[%lcaulggu - [[Y)TAUlgIU) » [81%0® 4 Zxpexabo -
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f([[Algaul13u - [A]1Fu) » [TIX0® « ZXpPEIBO - ne3o, ([%]Thou-{y] 13u) -
ne3d. ([¥] thau-[%]T3u) - 000°% / (LDX)paul T3u+[[X)zaul T3u+[[yIgaul Tyu+[[H]TAaul TIU) = [A)133U
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000°% / ([[A1paulogu+[[d]zauloFu+[[y]caulogu+{loIu) = [}]oIJu
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([%183u - [[{]TaulgIu) « [8]X0°® x ZXPEIHO -
neldx ([y]gbou-[3]gzu) - £ ((AeaTopxA ©3TOP + X ©3ToP4X ©3Top)33bs « 000°2)
000°% / ({0d]pau}ggu+(])gFu+[[y])zaulgyu+[[4] TAu)gIu) = [}f]g3gu / 3e3Tep x poedsd = zAxpeibo
S(L0xIpau)L3u ~ [[%]zau)Lzu) « [L)Ao® 4 zApeabd - £(A7e3T9p4000°2) / I ©ITIP » poadsd = ghpeabo
([a]e3u - [[A1TAUILIU) x [LIXD® x ZXpRIbO ~ £(X7e3T9Px000°2) / 3 ©ITOP » Paadsd = zxpeibd
ne1oy ([3] tbau-[31L3u) - 2 (A e3TopsA"eaToP + X BIT9PxX ©3Top) 3abs / 37BITIP x Poadsd = Axpeabo
000°% / ([{x}pau]Lgu+[y]Lgu+((y)gau] Lyu+l[3]TAU) LTU) = [q]LFFU {K7e3Tsp / 3 e3Tep » poedso = Apeabo
L([[A)paulgzu - [[Y]zau)ogu) » [9]A08 4 zApeabo - Ix"e3Tep / 3e3[op « poadsd = xpeabo
([d193u - [[¥)1Taul9gu) « [9)%x08 4 gxpeabo - ‘ne3 / 37e3Tep = nejd
ne3o, ([3]9bsu-[%]9gu) -
000°% / ([[xlpau)oFu+[A]oFu+[[N]lzaulogu+[ 3] TAaulozu) = [Y1933u {Teospoad o1qnop
L[4l paulg3u ~ [[Y]zaulGIu) » [G]1AD2 x zApeabo - {20203 Aunmp STqnOP
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nelox ([y)lsbau-[y)lgIu) - f{kxpeabo ‘Apeabo ‘xpeabo ‘peabdo ‘neld STqnop
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ne3oy ([¥1gbau-[3ylggu) - ‘[1833u @Tqnop ‘[]LFFu @Tqnop ‘[]9FFu STANOP
000°% / ([[A)paulegu+[[d]zaulegu+ [XJeFu+ (%) TaUlEIU) = [Y]eFgu ‘[1633u oTqnop ‘{)p3Fu oTqnop ‘[}EFFu °@Tqnop
([l paulzIu - [[Y)zaulzFu) « [Z)Ao® 4 zApeabo - ‘]

ne3oy ([A}gbau-[y]zzu) -
000°% / ([[A)paulzFu+l[A]lgav]lzIus () zzu+ (]l Taulzau) = [qlg3zgu
S([AITIu - [[AITAU]TIU) « [TIX02 . gxpeabo -

[183u aTqnop ‘[]L3u aTqnop ‘[)9Fu @TAnop
[1g3u a1qnop ‘[}pFu sTqnop ’
{jz3u oTqnop ‘[}1Fu sTqnop *

J€3u aTANCP

S

Z3gu_aTqnop ‘[1133u eTqnop ‘[]033u BTANOP
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! [lozu stqnop
]
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[91Ao@ x Apeabo 5 Auumpk +
(L[%)pAUl9IU — [[3]zau)9zu) x Auumpk - ([(3x)gaulggu — [[A]1TAU]9IU) » Aummpx —
([qJ93u + [Y)9Fu x 000°2 - [[A]TAUI9FU) « ne3o, ([x)obau-[y)9Ju) - []93u = [Y]9FIu
[9]x0® x xXpeabo x Aumnpx + 1[9]Ko® » zApeabo = Aummpik
([A193u = [[A]1TAUI9FU) x Awumpx - : ¢[9]1%08 4 gxpeabo - Auumpx
neaoy ([3]9bou-[A193u) - (%193 = [X]93Fu (LI paulGIU + [A)IGIU » 000°2 - [[xA]zAulGIU) »
{[9)hoo yx zApeabo = Aummpi [g1Aoe , Apeabo , Auumpk +
s f{9]x0e , gzxpeabd = Aummpx ([[A]paulszu — [[¥)zau)gIu) » Aunmpk -
£([[4]pAUISIU + [N]1STU x 000°Z — [[A)ZAUIGIU) « ([{3lgaulg3u + [%JGFu » 000°2 - [[AITAUISIU) «
[g1A0® x Apeibo , AumpA + [g]lx0® x xpeabo y Aummpx +
([[¥]paulggu — [[}])ZaulgIu) x Aummpk -~ ([Ix)eaulggu - [[3]TaulgIu) x Aummpx -
(I%1S3u + [HIS3U » 000°2 — [[A]TAUIGIU) neloy ([q)chbau-[x]s3u) - [Alsgu = [Y]15IFU
[G]x0® 4 Xpeabo , Aummpx + {[g)Aoa 5 zApeabo = AummpA
({3)63u - [[A}TAU]GIU) » Aummpx — R 2[g]x0® x ZXpeabo = Aummpx
ne3o, ([3]gbau~[y]g3u) — (YIsIu = [A15Izu (L0O0paulyIv + []p3U » 00072 - [[d]caulv3m) «
{[(g14hoo , zApeabo = Auumpk [p]Aoe x Apeabd , Aummpi +
, f[c]x0 » ZxpeIbO = AUmmpx ([ paulpu - [[N]zAulpIU) » Auumpl —
L[] paU) 53U + [A]PFU » 000°2 — [[A)zaulpau) « nejo, ([y]ybau-[x1p3uw) - [A1pFU = [A1pIIU
[91400 « Apeabo , Aummpk + !{ylAoa x zApeabo = Aummpi
(I{x1paulpgu — [[A]gaulp3u) x Awmmpk - ; t[p]x08 4 gxpeabo - Aummpx
neoy ( (3] phou-[3] IU) — [M]pIU = [3)pITu f(l[x)eaulggu + [AJEIU » 000°2 - [[NITAUIEIU)
{[plhoe x zApeabo = Auumpk fg]x08  xpeibo , Aummpx +
f[p]x00 » zXpeIhD = Aunmpx ([[x)gaulegu — [[y]TAulgzu) » AuNmpx —
£([N1E3U + [AJEIU » 000°Z — [[AITAUIETW « nejo, ([ylgbou-[ylegqu) - [leFu = [Yl€I3U
{£]%00 » ¥peIbO 4 AUNIDX + {(g)hoo x zApeabo = Auumpi
((A)€3U — [[A]1TAUIETU) « Aummpx - ; t(g]x00 y gxpeabd = Auumpx
ne0, ( (4] ebou— (3] £3u) - [AIEIU = [¥)€ITu ([ [alvaulzau + [A)zIu « 000°Z - [[dlzaulzIu) «
{[g)&od y zApeabo = AuumpA [z14o0 4 Apeabo x Awumph +
) 1[g]x00 x zxpeabo = Auumpx ([[A}paulzzu — [[)zaulzzu) » Aummpk -
S([[%1paulZIU + [A]1ZIU » 000°Z — [[A]zAulzIu) « ne3o, ([ylgbeu-[AlzIu) -~ [AlzIu = [Y]2IIu
[z140® x Apeibo , Auumpk + {(z)1ho8 x zApeabd = Aummpi
([[Alpaulzzu — [[y)zaulzau) x Auwmmpi — , t{z]x0® 5 Zxpeabo = Aummpx
nejoy ([¥]1zbou-[3}zIuw) - [(dAlzFu = [X)zIu £(IIAleaul TIU + [A]1TIU » 00072 ~ [[A]TAUITIU) «
f{zlkoa 4 zApeabo = Auumpk [T1x02 x Xpeabd , Auumpx +
f[g]x25 5 zxpeabo = Aummpx ({[x]gaulTgu — [[¥)TAU]TIU) » Aummpx —
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